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Managing Learning and Turnover in Employee Staffing
Abstract
We study the employee staffing problem in a service organization that uses employee service capacity to meet
random, nonstationary service requirements. The employees experience learning and turnover on the job, and
we develop a Markov Decision Process (MDP) model which explicitly represents the stochastic nature of
these effects. Theoretical results show that the optimal hiring policy is of a state-dependent “hire-up-to” type,
similar to an inventory “order-up-to” policy. For two important special cases, a myopic policy is optimal. We
also test a linear programming (LP) based heuristic, which uses average learning and turnover behavior, in
stationary environments. In most cases, the LP-based policy performs quite well, within 1% of optimality.
When flexible capacity—in the form of overtime or outsourcing—is expensive or not available, however,
explicit modeling of stochastic learning and turnover effects may improve performance significantly.
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0DQDJLQJ /HDUQLQJ DQG 7XUQRYHU LQ (PSOR\HH 6WDpQJe
1RDK *DQV <RQJ3LQ =KRX
2SHUDWLRQV DQG ,QIRUPDWLRQ 0DQDJHPHQW ’HSDUWPHQW
7KH :KDUWRQ 6FKRRO 8QLYHUVLW\ RI 3HQQV\OYDQLD
3KLODGHOSKLD 3$ 
-XO\  
e5HVHDUFK VXSSRUWHG E\ WKH :KDUWRQ )LQDQFLDO ,QVWLWXWLRQV &HQWHU DQG E\ 16) *UDQW 6%5
$EVWUDFW
:H VWXG\ WKH HPSOR\HH VWDpQJ SUREOHP LQ D VHUYLFH RUJDQL]DWLRQ WKDW XVHV HPSOR\HH VHUYLFH
FDSDFLWLHV WR PHHW UDQGRP QRQVWDWLRQDU\ VHUYLFH UHTXLUHPHQWV 7KH HPSOR\HHV H[SHULHQFH
OHDUQLQJ DQG WXUQRYHU RQ WKH MRE DQG ZH GHYHORS D 0DUNRY ’HFLVLRQ 3URFHVV 0’3 PRGHO WKDW
H[SOLFLWO\ UHSUHVHQWV WKH VWRFKDVWLF QDWXUH RI WKHVH HmHFWV 7KHRUHWLFDO UHVXOWV DUH GHYHORSHG
WKDW VKRZ WKH RSWLPDO KLULQJ SROLF\ LV RI D VWDWHGHSHQGHQW ?KLUHXSWR W\SH VLPLODU WR WKH
LQYHQWRU\ ?RUGHUXSWR SROLF\ 7KLV KROGV IRU GLVFRXQWHGFRVW 0’3
V XQGHU ERWK nQLWH DQG
LQnQLWH SODQQLQJ KRUL]RQV
:H DOVR GHYHORS VWUXFWXUDO SURSHUWLHV RI WKH RSWLPDO SROLF\ WR IDFLOLWDWH FRPSXWDWLRQ RI
WKH RSWLPDO KLULQJ QXPEHUV )RU WZR LPSRUWDQW VSHFLDO FDVHV RI WKH JHQHUDO PRGHO ZH SURYH
WKH RSWLPDOLW\ RI D P\RSLF SROLF\ XQGHU ERWK VWDWLRQDU\ DQG VWRFKDVWLFDOO\ LQFUHDVLQJ VHUYLFH
UHTXLUHPHQWV 0RUHRYHU ZH VKRZ WKDW LQ WKHVH WZR FDVHV ZKHQ VHUYLFH UHTXLUHPHQWV DUH N
SHULRGLF LW LV VXpFLHQW WR VROYH D NSHULRG 0’3 SUREOHP ZLWK DSSURSULDWH HQGRIKRUL]RQ FRVW
IXQFWLRQ :KHQ JHQHUDO QRQVWDWLRQDU\ VHUYLFH UHTXLUHPHQWV DUH SUHVHQW ZH SURYH WKH H[LVWHQFH
RI D RQHVLGHG ?VPRRWKLQJ HmHFW RI WKH RSWLPDO KLUHXSWR OHYHOV
1XPHULFDO UHVXOWV VKRZ WKDW WKH XVH RI VWDWHGHSHQGHQW KLUHXSWR SROLFLHV PD\ RmHU VLJQLn
FDQW FRVW VDYLQJV RYHU VLPSOHU KLULQJ SROLFLHV ,Q SDUWLFXODU RXU UHVXOWV VKRZ WKDW ZKHQ HPSOR\HH
FDSDFLW\ LQFUHDVH GXH WR OHDUQLQJ LV VXEVWDQWLDO DQG oH[LEOH LQFUHPHQWDO FDSDFLW\ RYHUWLPH LV
WLJKW D IXOO\ VWDWHGHSHQGHQW SROLF\ RXWSHUIRUPV D SROLF\ WKDW KLUHV RQO\ RQ WKH EDVLV RI WKH
WRWDO QXPEHU RI HPSOR\HHV LQ WKH V\VWHP
2XU SUREOHP IRUPXODWLRQ DQG UHVXOWV VXJJHVW QDWXUDO FRQQHFWLRQV WR WKH FODVVLF UHVXOWV LQ
LQYHQWRU\ OLWHUDWXUH :H DOVR GLVFXVV PDQ\ RI WKH FRQQHFWLRQV DQG GLVWLQFWLRQV LQ WKH SDSHU
 ,QWURGXFWLRQ
:H FRQVLGHU WKH HPSOR\HH VWDpQJ SUREOHP DW D VHUYLFH RUJDQL]DWLRQ 6XSSRVH WKHUH DUH VHUYLFH
UHTXLUHPHQWV WKH RUJDQL]DWLRQ PXVW PHHW DQG D IRUHFDVW RI WKHVH UHTXLUHPHQWV LV DYDLODEOH IRU
VHYHUDO SHULRGV RI WLPH LQ WKH IXWXUH 7KH IRUHFDVW PD\ EH EDVHG RQ KLVWRULFDO GDWD DQG D SURMHFWLRQ
RI WKH RUJDQL]DWLRQ
V EXVLQHVV SDWK 7KH RUJDQL]DWLRQ
V REMHFWLYH LV WR XVH WKH FDSDFLW\ SURYLGHG E\
LWV HPSOR\HHV WR PHHW WKH VHUYLFH UHTXLUHPHQWV LQ D OHDVW FRVW IDVKLRQ
7KH HVVHQWLDO IDFWRU LQ WKH SUREOHP WKDW GLmHUHQWLDWHV LW IURP PRUH WUDGLWLRQDO FDSDFLW\ SODQQLQJ
SUREOHPV LV WKDW WKH SHRSOH SURYLGLQJ WKHVH VHUYLFHV DUH QRW KRPRJHQHRXV ’LmHUHQW HPSOR\HHV ZLOO
KDYH GLmHUHQW VHUYLFH FDSDFLWLHV RU VNLOO OHYHOV DQG WKHVH VHUYLFH FDSDFLWLHV FKDQJH RYHU WLPH
:KHQ SHRSOH OHDUQ RQ WKH MRE WKHLU VHUYLFH FDSDFLWLHV LQFUHDVH ZKHQ WKH\ WXUQ RYHU WKHLU VHUYLFH
FDSDFLWLHV DUH ORVW /HDUQLQJ FDQ WDNH SODFH EHFDXVH RI HLWKHU LQLWLDO WUDLQLQJ RU RQWKHMRE WUDLQLQJ
7XUQRYHU FDQ KDSSHQ EHFDXVH RI D PLVPDWFK ZLWK WKH MRE RU D EHWWHU FDUHHU RSSRUWXQLW\ HOVHZKHUH
/HDUQLQJ DQG WXUQRYHU DUH W\SLFDOO\ UDQGRP HOHPHQWV 7KHUHIRUH WKH QXPEHUV RI HPSOR\HHV
LQ WKH RUJDQL]DWLRQ ^ DQG WKH QHHG WR KLUH DGGLWLRQDO ZRUNHUV ^ FDQ EH GLpFXOW WR SUHGLFW ,Q
DGGLWLRQ WKH LQLWLDO WUDLQLQJ SHULRG PD\ EH ORQJ 7KHVH IDFWRUV PDNH KLULQJ WR PHHW IXWXUH VHUYLFH
UHTXLUHPHQWV D GLpFXOW SUREOHP WR VROYH HmHFWLYHO\
 2XU $SSURDFK
:H WDNH D KLHUDUFKLFDO DSSURDFK WR WKLV SUREOHP WKDW PLUURUV WKH KLHUDUFKLFDO SODQQLQJ VWUDWH
JLHV XVHG LQ D PDQXIDFWXULQJ HQYLURQPHQW $ ORQJWHUP KLJKOHYHO VWDpQJ SUREOHP FRUUHVSRQGV
WR ORQJWHUP IDFWRU\ FDSDFLW\ SODQQLQJ $ PHGLXPWHUP PLGOHYHO ZRUNIRUFH VFKHGXOLQJ SUREOHP
FRUUHVSRQGV WR WKH PLGOHYHO SODQQLQJ IRU ZKLFK PDQ\ FRPSDQLHV XVH 0DWHULDOV 5HTXLUHPHQWV 3ODQ
QLQJ 053 )LQDOO\ WKHUH H[LVWV D PRPHQWE\PRPHQW ORZOHYHO ZRUNDVVLJQPHQW SUREOHP WKDW LV
WKH DQDORJXH RI UHDOWLPH VKRSoRRU FRQWURO LQ D PDQXIDFWXULQJ nUP
([DPSOH D 7HOHSKRQH &DOO &HQWHU )LJXUH  LV D K\SRWKHWLFDO H[DPSOH RI D WHOHSKRQH FDOO
FHQWHU FDOO YROXPH IRUHFDVW :H KDYH DERXW VL[ PRQWKV
 GDWD 7KH VHUYLFH VWDQGDUGV LQ WKHVH FDOO
FHQWHUV DUH VRPHWKLQJ OLNH ?RQ DYHUDJH D SKRQH FDOO LV SXW RQ KROG IRU  VHFRQGV RU OHVV RU ?
RI WKH WLPH D SKRQH FDOO LV SXW RQ KROG IRU  VHFRQGV RU OHVV
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)LJXUH  &DOO &HQWHU ([DPSOH
FRPSRQHQWV ,Q WKH VKRUW UXQ WKH FDOO FHQWHU PXVW VROYH D UHDOWLPH FRQWURO SUREOHP DVVLJQLQJ
LQFRPLQJ FDOOV WR DYDLODEOH &XVWRPHU 6HUYLFH 5HSUHVHQWDWLYHV &65
V 7KH PHGLXPWHUP SUREOHP
VWDm VFKHGXOLQJ LV W\SLFDOO\ VROYHG RQ D ZHHNO\ EDVLV ,Q DQ\ JLYHQ ZHHN WKH QXPEHUV RI HPSOR\HHV
RI GLmHUHQW W\SHV LV n[HG DQG D VFKHGXOH LV GHYHORSHG IRU WKRVH HPSOR\HHV WKDW PLQLPL]HV RYHUWLPH
DQG RXWVRXUFLQJ FRVWV VXEMHFW WR WKH FDOO FHQWHU
V VHUYLFH OHYHO UHTXLUHPHQWV ?2XWVRXUFLQJ UHIHUV
WR D FRPPRQ SUDFWLFH LQ ZKLFK RQH FDOO FHQWHU GLYHUWV LQFRPLQJ FDOOV WR DQRWKHU RQ D FRQWUDFW EDVLV
,Q DGGLWLRQ WR SD\LQJ D ORQJWHUP UHWDLQHU WKH GLYHUWLQJ FDOO FHQWHU W\SLFDOO\ SD\V D SHUFDOO IHH IRU
WKLV VHUYLFH 7KH ORQJWHUP FRPSRQHQW VHHNV WR KLUH WKH ULJKW QXPEHUV RI SHRSOH DQG WUDLQ WKHP
WKH ULJKW ZD\ VR WKDW ZKHQ WKH VHTXHQFH RI ZHHNO\ VFKHGXOLQJ SUREOHPV LV VROYHG WKH\ SURGXFH D
ORZFRVW ^ LI QRW OHDVWFRVW ^ VROXWLRQ WR WKH JOREDO SUREOHP
,Q WKLV SDSHU ZH ZLOO IRFXV RQ WKH ORQJUDQJH KLULQJ SUREOHP ,W LV IRUPXODWHG DV D GLVFUHWHWLPH
FRQWLQXRXVVWDWHVSDFH 0DUNRY ’HFLVLRQ 3URFHVV 0’3 ZKHUH WKH VWDWH YDULDEOH YHFWRU UHSUHVHQWV
WKH QXPEHUV RI SHRSOH DW GLmHUHQW OHYHOV RQ WKH OHDUQLQJ FXUYH 7KLV DSSURDFK DOORZV XV WR PRGHO
QDWXUDOO\ WKH UDQGRPQHVV LQ WKH V\VWHP DQG WR SURYH WKH H[LVWHQFH RI GHVLUDEOH VWUXFWXUDO SURSHUWLHV

RI WKH RSWLPDO KLULQJ SROLF\
7R VXSSUHVV WKH RWKHU WZR ORZHUOHYHO SUREOHPV ZH ZLOO DVVXPH WKDW WKHUH H[LVWV DQ ?RSHUDWLQJ
FRVW IXQFWLRQ 2c ZKLFK JLYHQ WKH QXPEHUV RI HPSOR\HHV DW GLmHUHQW VNLOO OHYHOV DQG D IRUHFDVW
IRU VHUYLFH UHTXLUHPHQWV ZLOO WHOO XV KRZ PXFK WKH WRWDO RSHUDWLQJ FRVWV ZLOO EH 7KLV RSHUDWLQJ
FRVW IXQFWLRQ VKRXOG EH EDVHG RQ DQ HpFLHQW LI QRW RSWLPDO VROXWLRQ WR WKH VFKHGXOLQJ SUREOHP
)RU H[DPSOH LQ FDOO FHQWHUV PDQDJHUV XVXDOO\ XVH FRPPHUFLDO VRIWZDUH WR GR ZRUNIRUFH VFKHGXO
LQJ HDFK ZHHN 7KLV VRIWZDUH W\SLFDOO\ VROYHV D ODUJHVFDOH PL[HG LQWHJHU SURJUDP DQG LW UHWXUQV
D VFKHGXOH ZKLFK VKRZV WKH DPRXQW RI RYHUWLPH DQG RXWVRXUFLQJ XVHG IRU WKH ZHHN :LWK WKLV
VRIWZDUH LW LV QRW GLpFXOW WR JHQHUDWH 2c DV D UHVSRQVH IXQFWLRQ
 2YHUYLHZ RI 5HVXOWV
:H VKRZ WKDW XQGHU D GLVFRXQWHGFRVW FULWHULRQ FRQYH[LW\ RI WKH RSHUDWLQJ FRVW IXQFWLRQ DORQJ
ZLWK FHUWDLQ RWKHU FRVWV VXFK DV KLULQJ DQG ZDJHV LV SURSDJDWHG WKURXJK 0’3 YDOXH LWHUDWLRQ
7KHUHIRUH ZKHQ 2c LV FRQYH[ WKH RSWLPDO KLULQJ SROLF\ FDQ EH FKDUDFWHUL]HG DV D VWDWHGHSHQGHQW
?KLUHXSWR SROLF\ 7KDW LV WKHUH H[LVW VWDWHGHSHQGHQW FULWLFDO QXPEHUV IRU HDFK SHULRG ,I DW WKH
EHJLQQLQJ RI D SHULRG WKH QXPEHU RI HQWU\OHYHO HPSOR\HHV H[FHHGV WKH FULWLFDO QXPEHU WKHQ QR
KLULQJ ZLOO EH GRQH 2WKHUZLVH QHZ HPSOR\HHV ZLOO EH KLUHG WR EULQJ WKH QXPEHU RI HQWU\OHYHO
HPSOR\HHV EDFN WR WKH FULWLFDO QXPEHU 7KLV KROGV LQ ERWK nQLWH DQG LQnQLWH KRUL]RQ FDVHV ZLWK
JHQHUDO QRQVWDWLRQDU\ VHUYLFH UHTXLUHPHQWV
:H DOVR GHYHORS UHVXOWV WKDW RmHU D PRUH GHWDLOHG FKDUDFWHUL]DWLRQ RI WKH RSWLPDO SROLF\ LQ
LPSRUWDQW VSHFLDO FDVHV ,Q SDUWLFXODU ZH VKRZ WKDW ZKHQ VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ RU
LQFUHDVLQJ DQG ZKHQ WKHUH LV
q QR OHDUQLQJ QR WUDLQLQJ OHDGWLPH DQG VWRFKDVWLF WXUQRYHU RU
q QR OHDUQLQJ SRVLWLYH WUDLQLQJ OHDGWLPH DQG GHWHUPLQLVWLF WXUQRYHU
WKHQ D ?P\RSLF SROLF\ LV RSWLPDO $ ?P\RSLF SROLF\ LV D SROLF\ XQGHU ZKLFK ZH RSWLPL]H D
RQHSHULRG VWDWLF SUREOHP IRU HDFK SHULRG UDWKHU WKDQ WKH G\QDPLF PXOWLSHULRG SUREOHP RI WKH
0’3
,Q WKH VHFRQG VSHFLDO FDVH ^ ZLWK QR OHDUQLQJ SRVLWLYH OHDGWLPH DQG GHWHUPLQLVWLF WXUQRYHU ^
ZH DOVR VKRZ WKDW WKH RSWLPDO SROLF\ LV D ?KLUHXSWR VWDpQJ SRVLWLRQ SROLF\ WKDW LV DQDORJRXV

WR FODVVLF UHVXOWV FRQFHUQLQJ ?LQYHQWRU\ SRVLWLRQ LQ WKH LQYHQWRU\ OLWHUDWXUH :KLOH WKH LQYHQWRU\
SRVLWLRQ LV WKH VXP RI DOO JRRGV RQ KDQG DQG RQ RUGHU WKH VWDpQJ SRVLWLRQ LQ RXU PRGHO LV D
ZHLJKWHG VXP RI DOO HPSOR\HHV ZRUNLQJ DQG LQ WUDLQLQJ ,Q RXU PRGHO WKH SUHVHQFH RI WXUQRYHU
PDNHV WKH ZHLJKWV OHVV WKDQ RU HTXDO WR RQH
,Q ERWK VSHFLDO FDVHV ZKHQ GHPDQGV DUH NSHULRGLF WKHQ D NSHULRG DQDORJXH RI D P\RSLF SROLF\
LV RSWLPDO 7KDW LV LW LV VXpFLHQW WR VROYH D NSHULRG 0’3 ZLWK DSSURSULDWH HQGRIKRUL]RQ FRVW
IXQFWLRQV :KHQ VHUYLFH UHTXLUHPHQWV DUH QRQVWDWLRQDU\ ZH DOVR SURYH WKHUH H[LVWV D RQHVLGHG
?VPRRWKLQJ HmHFW .DUOLQ >@ DQG =LSNLQ >@ KDYH VLPLODU UHVXOWV LQ WKH LQYHQWRU\ VHWWLQJ
:KHQ WKHUH LV OHDUQLQJ KRZHYHU WKH UHVXOWV GHYHORSHG IRU RXU VSHFLDO FDVHV QR ORQJHU KROG
1XPHULFDO UHVXOWV LQ [ VKRZ WKDW ZKHQ WKH SUREOHP GDWD DUH SHULRGLF WKHUH DSSHDUV WR EH D
WZRVLGHG VPRRWKLQJ HmHFW 7KLV LV GLmHUHQW IURP WKH RQHVLGHG VPRRWKLQJ HmHFW GHPRQVWUDWHG E\
.DUOLQ >@ DQG =LSNLQ >@ $ VLPLODU WZRVLGHG VPRRWKLQJ HmHFW LV REVHUYHG LQ WKH SURGXFWLRQ
LQYHQWRU\ VHWWLQJ E\ .DSXuVFLuQVNL DQG 7D\XU >@
8VLQJ QXPHULFDO H[DPSOHV ZH DOVR VWXG\ WKH EHQHnW REWDLQHG WKURXJK WKH XVH RI RXU PRGHO
0RUH VSHFLnFDOO\ ZH FRPSDUH WKH FRVW SHUIRUPDQFH RI WKH RSWLPDO KLULQJ SROLF\ ZKLFK GHSHQGV RQ
WKH QXPEHU RI HPSOR\HHV DW HDFK FDSDFLW\ OHYHO WR D VLPSOHU SROLF\ ZKLFK EDVHV KLULQJ GHFLVLRQV
RQO\ XSRQ D VLQJOH QXPEHU WKH WRWDO QXPEHU RI FXUUHQW HPSOR\HHV DFURVV DOO W\SHV ,Q PDQ\ FDVHV
VXFK DV ZKHQ WKH FDSDFLW\ LQFUHDVH WKDW FRPHV ZLWK OHDUQLQJ LV VPDOO RU WKH FRVW RI EHLQJ XQGHU
VWDmHG LV VPDOO WKH VLPSOHU ?VLQJOHQXPEHU SROLF\ SHUIRUPV TXLWH ZHOO :KHQ WKHUH LV VLJQLnFDQW
OHDUQLQJ DQG WKH FRVWV RI EHLQJ XQGHUVWDmHG DUH KLJK KRZHYHU WKH RSWLPDO SROLF\ PD\ SURYLGH D
VLJQLnFDQW FRVW DGYDQWDJH
$V LV FOHDU IURP RXU 0’3 IRUPXODWLRQ DQG WKH VWUXFWXUH RI WKH RSWLPDO KLULQJ SROLF\ WKHUH H[LVW
LQWLPDWH FRQQHFWLRQV EHWZHHQ RXU UHVXOWV DQG WKRVH RI LQYHQWRU\ WKHRU\ 7KH ?LQYHQWRU\ LQ RXU
V\VWHP LV WKH SRSXODWLRQ RI HPSOR\HHV DQG ?GHPDQG FRUUHVSRQGV WR WXUQRYHU &RQYHUVHO\ RXU
UHVXOWV PD\ EH VHHQ DV H[WHQVLRQV RI FODVVLF UHVXOWV IURP LQYHQWRU\ WKHRU\ DQG IURP DQ LQYHQWRU\
WKHRUHWLF YLHZSRLQW RXU PRGHO PD\ EH YLHZHG LQ WZR ZD\V DV D VLQJOH ORFDWLRQ PRGHO ZLWK PXOWLSOH
W\SHV RI LQYHQWRULHV DQG DV D PXOWLHFKHORQ LQYHQWRU\ V\VWHP :H ZLOO GLVFXVV WKH VLPLODULWLHV DQG
GLmHUHQFHV LQ PRUH GHWDLO DIWHU ZH SUHVHQW RXU JHQHUDO UHVXOW 7KHRUHP 
7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV IROORZV 6HFWLRQ  UHYLHZV WKH UHOHYDQW OLWHUDWXUH
7KHQ LQ [ DQG [ ZH GHYHORS RXU PRGHO DQG PDLQ UHVXOWV :H WKHQ UHWXUQ LQ [ WR GLVFXVV IXUWKHU
PRGHOLQJ FRQVLGHUDWLRQV LQ SDUWLFXODU WKH VWUXFWXUH RI WKH RSHUDWLQJ FRVW IXQFWLRQ 2c DQG WKH

UHSUHVHQWDWLRQ RI OHDGWLPHV LQGXFHG E\ KLULQJ DQG WUDLQLQJ 6HFWLRQ  GHYHORSV WKH RSWLPDOLW\ RI
P\RSLF SROLFLHV DQG UHODWHG VWUXFWXUDO UHVXOWV IRU WKH VSHFLDO FDVHV GLVFXVVHG DERYH DQG [ GHYHORSV
DQDORJRXV VWUXFWXUDO UHVXOWV ZKHQ WKH GDWD DUH SHULRGLF 1XPHULFDO DQDO\VLV DQG LQVLJKWV DUH JLYHQ
LQ [ )LQDOO\ LQ [ ZH GLVFXVV RXU UHVXOWV DQG RmHU GLUHFWLRQV IRU IXWXUH UHVHDUFK &RQQHFWLRQV WR
LQYHQWRU\ WKHRU\ DUH UHPDUNHG LQ [ [ DQG [ DV WKH UHVXOWV DUH GHYHORSHG
 /LWHUDWXUH 5HYLHZ
+ROW 0RGLJOLDQL 0XWK DQG 6LPRQ
V VHPLQDO PDQSRZHU SODQQLQJ PRGHO DQG LWV OLQHDU KLULQJ
UXOHV >@ KDYH LQVSLUHG D ORQJ VWUHDP RI UHVHDUFK SDSHUV )RU H[DPSOH VHH 2UUHEHFN 6FKXHWWH
DQG 7KRPSVRQ >@ (EHUW >@ *DLPRQ DQG 7KRPSVRQ >@ DQG .KRVKQHYLV DQG :ROIH >@ DOO RI
ZKLFK XVH VRPH PDWKHPDWLFDO SURJUDPPLQJ DSSURDFK 8VLQJ D SDUWLDO GLmHUHQWLDO HTXDWLRQ PRGHO
*HUFKDN 3DUODU DQG 6HQJXSWD >@ VROYH WKH UHFUXLWPHQW UDWH UHTXLUHG WR PDLQWDLQ D n[HG FDSDFLW\
LQ DQ RUJDQL]DWLRQ *ULQROG DQG 6WDQIRUG >@ GHYHORS D G\QDPLF SURJUDPPLQJ PRGHO EDVHG RQ
OLQHDU FRVWV OLQHDU FDSDFLW\ RU EXGJHW FRQVWUDLQWV DQG GHWHUPLQLVWLF IUDFWLRQDO oRZ RI HPSOR\HHV
,Q DOO RI WKH DERYH SDSHUV WKH oRZ RI HPSOR\HHV DPRQJ GLmHUHQW W\SHV LQFOXGLQJ OHDUQLQJ DQG
WXUQRYHU LV PRGHOHG DV GHWHUPLQLVWLF ,Q WKH PRGHO ZH SURSRVH KRZHYHU ZH DOORZ OHDUQLQJ DQG
WXUQRYHU WR EH VWRFKDVWLF DQG XVH D GLVWLQFW 0’3 DSSURDFK 7KLV DSSURDFK DOORZV XV WR PRUH
FDUHIXOO\ PRGHO WKH G\QDPLFV RI OHDUQLQJ DQG WXUQRYHU DPRQJ HPSOR\HHV
7KHUH LV D VHSDUDWH VWUHDP RI UHVHDUFK WKDW GHYHORSV 0DUNRY&KDLQ PRGHOV IRU KXPDQ UHVRXUFH
SODQQLQJ SUREOHPV %DUWKRORPHZ )RUEHV DQG 0F&OHDQ >@ SURYLGHV DQ H[FHOOHQW VXPPDU\ RI UH
VHDUFK LQ WKLV DUHD ,Q WKLV SDSHU ZH DGRSW D PRGHO FORVHO\ UHODWHG WR WKH ?PL[HGH[SRQHQWLDO
PRGHO IRXQG LQ WKH KXPDQ UHVRXUFH OLWHUDWXUH /LWWOH ZRUN LQ WKLV DUHD KDV EHHQ GHYRWHG WR WKH
FRQWURO DVSHFW RI WKH UHFUXLWPHQW SURFHVV KRZHYHU ZKLOH FRQWURO RI WKH KLULQJ SURFHVV LV WKH FHQWUDO
TXHVWLRQ IRU XV
7ZR UHFHQW H[FHSWLRQV ZKLFK FRQVLGHU DVSHFWV RI FRQWURO DUH SDSHUV E\ %RUGRORL DQG 0DWVXR >@
DQG 3LQNHU DQG 6KXPVN\ >@ 7KH nUVW SDSHU GHULYHV VWHDG\VWDWH SHUIRUPDQFH PHDVXUHV IRU
KHXULVWLF OLQHDU FRQWURO UXOHV WKDW DUH DSSOLHG LQ D PDQXIDFWXULQJ HQYLURQPHQW WKDW LV VLPLODU WR
RXUV ,W GRHV QRW KRZHYHU FRQVLGHU WKH QDWXUH RI RSWLPDO FRQWURO SROLFLHV 7KH VHFRQG SDSHU
FRQVLGHUV WKH LPSURYHPHQW LQ TXDOLW\ ZKLFK FRPHV ZLWK ZRUNHU H[SHULHQFH 7KLV IRFXV RQ TXDOLW\
LV FRPSOHPHQWDU\ WR WKH FDSDFLW\ DQDO\VLV RI WKLV SDSHU

$V LV QRWHG LQ WKH ,QWURGXFWLRQ WKHUH DOVR H[LVWV D FORVH FRQQHFWLRQ EHWZHHQ RXU UHVXOWV DQG
WKRVH RI FODVVLF LQYHQWRU\ WKHRU\ ,Q DGGLWLRQ WR SDSHUV E\ .DUOLQ > @ DQG =LSNLQ >@ RXU ZRUN
LV PRVW FORVHO\ UHODWHG WR ZRUN RQ LQYHQWRU\ V\VWHPV ZLWK VSRLODJH E\ ,JOHKDUW DQG -DTXHWWH >@
DV ZHOO DV RWKHU ZRUN RQ LQYHQWRU\OHYHO GHSHQGHQW GHPDQG E\ *HUFKDN DQG :DQJ >@ 7KHUH LV
DOVR D FORVH FRQQHFWLRQ EHWZHHQ RXU UHVXOWV DQG WKRVH LQ WKH SURGXFWLRQLQYHQWRU\ OLWHUDWXUH )RU
H[DPSOH VHH $YLY DQG )HGHUJUXHQ >@ DQG .DSXuVFLuQVNL DQG 7D\XU >@ DQG WKH UHIHUHQFHV WKHUHLQ
 0RGHO
,Q RXU GLVFUHWHWLPH FRQWLQXRXVVWDWHVSDFH 0’3 WKH QXPEHU RI SODQQLQJ SHULRGV XQGHU FRQVLG
HUDWLRQ LV DVVXPHG WR EH 7 7   LQ WKH LQnQLWH SODQQLQJ KRUL]RQ FDVH 7LPH SHULRGV ZLOO EH
LQGH[HG E\ W W        7  7KH OHQJWK RI WLPH LQFOXGHG LQ RQH SHULRG PD\ EH D ZHHN D PRQWK
D TXDUWHU RU D \HDU GHSHQGLQJ RQ WKH DSSOLFDWLRQ
 6WDWH 6SDFH DQG &RQWURO
,Q DQ\ SHULRG DQ HPSOR\HH PD\ KDYH DWWDLQHG RQH RI P GLVFUHWH VNLOO OHYHOV L        P ,Q
DSSOLFDWLRQV WKHVH VNLOO OHYHOV PD\ FRUUHVSRQG WR VHUYLFH VSHHGV RU DFTXLUHG VNLOOV ,Q WKH IRUPHU
FDVH DOO HPSOR\HHV GR WKH VDPH MRE EXW WKHLU VHUYLFH VSHHGV LQFUHDVH ZLWK L ,Q WKH ODWWHU FDVH WKHUH
DUH PDQ\ MRE W\SHV (PSOR\HHV VWDUW DW OHYHO  ZLWK WKH PRVW EDVLF MRE VNLOOV DQG SURJUHVVLYHO\
DFTXLUH PRUH VNLOOV WR EHFRPH FDSDEOH RI KDQGOLQJ PRUH W\SHV RI MREV $ FRPELQDWLRQ RI ERWK FDVHV
LV DOVR SRVVLEOH HPSOR\HHV QRW RQO\ DFTXLUH QHZ VNLOOV DV WKH\ SURJUHVV WKH\ DOVR EHFRPH IDVWHU DW
WKHVH VNLOOV ,Q WKLV SDSHU ZH ZLOO XVH WHUPV ?VHUYLFH FDSDFLW\ DQG ?VNLOO OHYHO LQWHUFKDQJHDEO\
EXW WKH UHDGHU VKRXOG NHHS LQ PLQG WKDW WKH\ LPSO\ VHUYLFH VSHHG DQGRU VNLOO VHWV
:H DOVR DVVXPH WXUQRYHU PD\ RFFXU DW DQ\ OHYHO L   L  P EXW KLULQJ LV PDGH RQO\ DW
WKH HQWU\ OHYHO OHYHO  6R ZKHQ QHZ HPSOR\HHV DUH KLUHG WKH\ VWDUW DW OHYHO  DQG SURJUHVVLYHO\
JR WKURXJK WKH OHYHOV XQWLO WKH\ WXUQ RYHU :H XVH D YHFWRU QW     QLW     QPW WR GHQRWH WKH
QXPEHUV RI HPSOR\HHV DW DOO OHYHOV L       P EHIRUH KLULQJ DW WKH EHJLQQLQJ RI SHULRG W 6LQFH
RQO\ W\SH HPSOR\HHV ZLOO EH KLUHG WKH YHFWRU EHFRPHV \W QW     QPW DIWHU [W SHRSOH DUH KLUHG
ZKHUH \W  QW[W :H WUHDW QLW DV UHDO YDULDEOHV 7KLV UHOD[DWLRQ RI LQWHJUDOLW\ PDNHV RXU SURRIV
ZKLFK UHO\ RQ FRQYH[LW\ SURSHUWLHV OHVV EXUGHQVRPH )RU ODUJH RSHUDWLRQV ZLWK PDQ\ HPSOR\HHV
WKH FRQWLQXRXV DSSUR[LPDWLRQ VKRXOG EH UHDVRQDEOH

 /HDUQLQJ 7XUQRYHU DQG 6\VWHP ’\QDPLFV
/HDUQLQJ DQG WXUQRYHU DUH DFFRXQWHG IRU RQO\ DW WKH HQG RI HDFK WLPH SHULRG :H DVVXPH WKDW
RI WKH QLW OHYHOL HPSOR\HHV LQ SHULRG W aTLWQLW ZLOO TXLW DQG aOLWQLW ZLOO OHDUQ DQG PRYH WR VNLOO
OHYHO L   LQ SHULRG W   +HUH ?a LV XVHG WR GHQRWH UDQGRP QXPEHUV LQGLFDWLQJ WKH IDFW WKDW
OHDUQLQJ DQG WXUQRYHU RFFXU UDQGRPO\ 1RWH WKDW WKH L DQG W VXEVFULSWV PHDQ WKDW OHDUQLQJ DQG
WXUQRYHU FDQ KDYH GLmHUHQW SDWWHUQV DW GLmHUHQW OHYHOV LQ GLmHUHQW SHULRGV
7\SLFDOO\ WKH UDWHV DW ZKLFK OHDUQLQJ DQG WXUQRYHU RFFXU KDYH SDUWLFXODU IXQFWLRQDO IRUPV 7KH
ORJOLQHDU ?OHDUQLQJ FXUYH KDV EHHQ ZLGHO\ XVHG LQ PDQXIDFWXULQJ VHH <HOOH >@ DQG WKHUH LV
HPSLULFDO HYLGHQFH WKDW LW DOVR H[LVWV LQ VHUYLFH RSHUDWLRQV $Q H[DPSOH ZLWK GLUHFWRU\ DVVLVWDQFH
RSHUDWRUV FDQ EH IRXQG LQ *XVWDIVRQ >@ 7XUQRYHU W\SLFDOO\ GHFUHDVHV ZLWK MRE WHQXUH HPSOR\HHV
ZKRVH ?MRE nW LV SRRU WHQG WR OHDYH DIWHU D VKRUW WLPH HPSOR\HHV ZLWK ORQJHU WHQXUH DUH VHOI
VHOHFWHG WR KDYH EHWWHU MRE nW IRU H[DPSOH VHH -RYDQRYLF >@ DQG 3DUVRQV >@ ,Q RXU H[SHULHQFH
ZRUNLQJ ZLWK WHOHSKRQH FDOO FHQWHUV ZH KDYH IRXQG WKDW WKH WXUQRYHU UDWH FDQ GHFOLQH E\ PRUH WKDQ
 DIWHU DQ LQLWLDO WUDLQLQJ DQG DGMXVWPHQW SHULRG
6WUXFWXUDOO\ KRZHYHU RXU PRGHO DQG LWV UHVXOWV GR QRW GHSHQG RQ WKH UDWHV DW ZKLFK OHDUQLQJ
DQG WXUQRYHU WDNH SODFH 7KH ?W\SLFDO OHDUQLQJFXUYH DQG WXUQRYHU EHKDYLRUV GHVFULEHG DERYH
DmHFW RQO\ WKH SUREOHP GDWD XVHG LQ WKH PRGHO
1HYHUWKHOHVV RXU PRGHO IRUPXODWLRQ GRHV LPSOLFLWO\ PDNH VRPH DVVXPSWLRQV FRQFHUQLQJ OHDUQLQJ
DQG WXUQRYHU 0RUH VSHFLnFDOO\ LW DVVXPHV WKDW DQ HPSOR\HH
V SUREDELOLW\ RI OHDUQLQJ RU WXUQLQJ
RYHU LQ DQ\ SHULRG LV LQGHSHQGHQW RI WKDW SHUVRQ
V OHDUQLQJ DQG WXUQRYHU SUREDELOLW\ LQ RWKHU SHULRGV
7KDW LV WKH SURFHVVHV DUH 0DUNRYLDQ
%HFDXVH LQGLYLGXDO HPSOR\HHV W\SLFDOO\ OHDUQ DQG WXUQ RYHU LQGHSHQGHQWO\ RI HDFK RWKHU D
QDWXUDO GLVWULEXWLRQ WR XVH IRU PRGHOLQJ OHDUQLQJ DQG WXUQRYHU LQ HDFK SHULRG LV WKH PXOWLQRPLDO
GLVWULEXWLRQ ,W LPSOLHV WKDW D SHUVRQ
V OHQJWK RI VWD\ DW DQ\ OHYHO LV JHRPHWULFDOO\ GLVWULEXWHG ZLWK
GLmHUHQW SDUDPHWHUV IRU GLmHUHQW OHYHOV 7KLV ?PL[HG JHRPHWULF GLVWULEXWLRQ LV D GLVFUHWH YHUVLRQ
RI WKH ?PL[HG H[SRQHQWLDO WHQXUH OHQJWK GLVWULEXWLRQ LQ %DUWKRORPHZ )RUEHV DQG 0F&OHDQ >@
ZKLFK KDV EHHQ ZLGHO\ XVHG LQ WKH KXPDQ UHVRXUFHV OLWHUDWXUH
:KHQ WKH QXPEHU RI W\SH L HPSOR\HHV WXUQRYHU LV ELQRPLDOO\ GLVWULEXWHG ^ LQ ZKLFK FDVH HP
SOR\HHV WXUQ RYHU EXW GR QRW OHDUQ ^ WKHQ ZH FDQ XVH ZHOONQRZQ UHVXOWV VKRZLQJ WKDW ELQRPLDO
GLVWULEXWLRQV DUH ?WRWDOO\ SRVLWLYH RI RUGHU  73 WR VKRZ WKDW WKH YDOXH IXQFWLRQ LV FRQYH[ LQ

WKH QXPEHU RI HPSOR\HHV 7KLV UHVXOW UHOLHV KHDYLO\ RQ ERWK WKH 73 SURSHUW\ DQG WKH IDFW WKDW LQ
WKLV FDVH WKH YDOXH IXQFWLRQ LV RQHGLPHQVLRQDO
$V .DUOLQ >@ VWDWHV KRZHYHU JHQHUDOL]DWLRQ RI WKH 73 SURSHUW\ WR KLJKHU GLPHQVLRQDO FDVHV
DQG PXOWLQRPLDO GLVWULEXWLRQV LV YHU\ GLpFXOW DQG WR WKH EHVW RI RXU NQRZOHGJH QR VXFK UHVXOWV
H[LVW LQ WKH OLWHUDWXUH 7KLV DQDO\WLFDO GLpFXOW\ ZLWK PXOWLQRPLDO GLVWULEXWLRQV SURPSWV XV WR
DSSUR[LPDWH WKHP ZLWK VWRFKDVWLF SURSRUWLRQV
0RUH VSHFLnFDOO\ ZH DVVXPH WKDW aOLW DQG aTLW DUH LQGHSHQGHQWO\ GLVWULEXWHG UDQGRP YDULDEOHV
ZLWK VXSSRUW RQ > @ WKDW UHSUHVHQW WKH ?VWRFKDVWLF SURSRUWLRQ RI SHRSOH ZKR OHDUQ DQG WXUQ RYHU
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*LYHQ WKH QXPEHUV RI HPSOR\HHV LQ WKH V\VWHP DW WLPH W QW     QPW DQG WKH IUDFWLRQV RI HP
SOR\HHV WXUQLQJ RYHU DQG OHDUQLQJ aTLW DQG aOLW WKH QXPEHUV RI HPSOR\HHV DW W DUH VWUDLJKWIRUZDUG
WR FDOFXODWH 7KH IROORZLQJ HTXDWLRQV UHSUHVHQW WKH V\VWHP HYROXWLRQ
\W  QW  [W [W w  
QW  b aOWb aTW\W 
QW  b aOWb aTWQW  aOWb aTW\W 
QLW  b aOLWb aTLWQLW  aOLbWb aTLbWQLbW   L  P 
5HPDUN  7KH DQDO\WLFDO GLpFXOWLHV ZLWK PXOWLQRPLDO GLVWULEXWLRQV WR ZKLFK ZH UHIHU KDYH ORQJ
EHHQ UHFRJQL]HG LQ WKH SURGXFWLRQ DQG LQYHQWRU\ OLWHUDWXUH )RU DQ LQYHQWRU\ PRGHO ZLWK VSRLODJH
,JOHKDUW DQG -DTXHWWH >@ XVH WKH 73 SURSHUW\ WR SURYH WKDW DQ ?RUGHUXSWR SROLF\ LV RSWLPDO
EXW WKLV UHVXOW KROGV RQO\ IRU D VLQJOH SURGXFW RQHVWDJH GHWHULRUDWLRQ DQG ]HUR OHDGWLPH 7R
REWDLQ UHVXOWV IRU PRUH JHQHUDO PRGHOV RWKHU UHVHDUFKHUV ZKR KDYH LQYHVWLJDWHG LQYHQWRU\ VSRLODJH
DQG UDQGRP SURGXFWLRQ \LHOGV KDYH DOVR UHVRUWHG WR VWRFKDVWLF SURSRUWLRQ PRGHOV )RU H[DPSOH
VHH +HQLJ DQG *HUFKDN >@ DQG WKH UHIHUHQFHV WKHUHLQ
1RWH WKDW WKH QDWXUH RI WKH HUURU LQWURGXFHG E\ XVLQJ VWRFKDVWLF SURSRUWLRQV LV RI VHFRQG RUGHU
7KH PHDQV RI WKH VWRFKDVWLF SURSRUWLRQV FDQ EH VHW WR HTXDO WKH PXOWLQRPLDO SUREDELOLWLHV WKDW
DQ LQGLYLGXDO WXUQV RYHU RU OHDUQV :KHQ WKH GLVWULEXWLRQ LV PXOWLQRPLDO KRZHYHU WKH UHODWLYH
GLVSHUVLRQ RI WKH IUDFWLRQ RI HPSOR\HHV TXLWWLQJ RU DGYDQFLQJ FKDQJHV ZLWK WKH QXPEHU RI HPSOR\HHV
EXW LW GRHV QRW FKDQJH ZLWK VWRFKDVWLF SURSRUWLRQV

7R WKH H[WHQW WKDW LQ VWHDG\ VWDWH WKH QXPEHU RI HPSOR\HHV RI RQH W\SH UHPDLQV ODUJH DQG
UHODWLYHO\ VWDEOH WKHVH VHFRQGRUGHU GLmHUHQFHV VKRXOG QRW LQGXFH XQGXH ELDV ,Q RXU H[SHULHQFH
GHYHORSLQJ QXPHULFDO H[DPSOHV WKDW XVH VWRFKDVWLF SURSRUWLRQV ZH KDYH QRW IRXQG WKHVH HUURUV WR
EH VLJQLnFDQW VHH [
 6HUYLFH 5HTXLUHPHQWV
7KH HPSOR\HH VWDpQJ SUREOHP LV GHnQHG LQ GLVFUHWH WLPH ZLWK WLPH SHULRGV WKDW DUH ORQJ HQRXJK
WR FDSWXUH WKH HmHFWV RI OHDUQLQJ DQG WXUQRYHU ZHHNV PRQWKV TXDUWHUV ’HPDQG IRU VHUYLFH
DORQJ ZLWK WKH TXDOLW\ VWDQGDUGV ZLWK ZKLFK GHPDQG PXVW EH PHW DUH W\SLFDOO\ GHnQHG RQ D PXFK
VPDOOHU WLPH VFDOH KRZHYHU 7KLV SURPSWV XV WR GHnQH WKH VHUYLFH UHTXLUHPHQWV DV D YHFWRU
b
’W
(OHPHQWV RI WKH YHFWRU PD\ UHSUHVHQW WKH VHUYLFH UHTXLUHPHQWV IRU GLmHUHQW VXELQWHUYDOV ZLWKLQ WKH
ODUJHU GLVFUHWH WLPH SHULRG
)RU H[DPSOH LQ D WHOHSKRQH FDOO FHQWHU KLULQJ PD\ WDNH SODFH RQ D ZHHNO\ RU PRQWKO\ EDVLV
ZKLOH FDOO YROXPH IRUHFDVWV DQG VHUYLFH VWDQGDUGV DUH VSHFLnHG LQ PLQXWH LQWHUYDOV 7KHUHIRUH
ZKHQ WKH SODQQLQJ SHULRG LV RQH ZHHN DQG WKHUH LV RQO\ RQH MRE W\SH WKH VHUYLFH UHTXLUHPHQW YHFWRU
b
’W PD\ KDYH D GLPHQVLRQ RI  FRUUHVSRQGLQJ WR WKH FDOO YROXPH IRUHFDVWV IRU HYHU\ PLQXWH
LQWHUYDO RI D ZHHN :KHQ WKHUH DUH - MRE W\SHV WKH VHUYLFH UHTXLUHPHQW YHFWRU
b
’W ZRXOG KDYH D
GLPHQVLRQ RI - d 
7KXV WKH GHnQLWLRQ RI
b
’W DOORZV XV WR PRGHO VHUYLFH UHTXLUHPHQWV WKDW DUH QRQVWDWLRQDU\ RYHU
WLPH DQG LQFOXGH PXOWLSOH W\SHV RI VHUYLFH )XUWKHUPRUH WKH HOHPHQWV RI
b
’W QHHG QRW EH VFDODUV
DW DOO )RU H[DPSOH E\ OHWWLQJ WKH HOHPHQWV RI
b
’W EH SUREDELOLW\ GLVWULEXWLRQV ZH PD\ H[SOLFLWO\
PRGHO WKH XQFHUWDLQW\ LQKHUHQW LQ GHPDQG IRUHFDVWV
 &RVWV DQG WKH 2EMHFWLYH )XQFWLRQ
,Q DQ\ SHULRG W WKUHH W\SHV RI FRVWV ZLOO EH LQFXUUHG )LUVW D n[HG FRVW RI K ZLOO EH LQFXUUHG WR
KLUH D QHZ HPSOR\HH 7KLV FRVW W\SLFDOO\ LQFOXGHV DGYHUWLVLQJ IRU LQWHUYLHZLQJ DQG WHVWLQJ RI MRE
DSSOLFDQWV ZKHQ DSSURSULDWH ,W PD\ DOVR LQFOXGH RQHWLPH WUDLQLQJ FRVWV WKDW DUH LQGHSHQGHQW RI
ZDJHV
6HFRQG ZH OHW:L EH WKH ZDJH FRVW RI D W\SHL HPSOR\HH 7KLV LV WKH ?IXOO\ ORDGHG FRPSHQVDWLRQ
FRVW IRU RQH SHULRG DQG W\SLFDOO\ LQFOXGHV ZDJHV EHQHnWV DQG RWKHU GLUHFW SHUVRQQHO FRVWV 1RWH

WKDW WKHVH FRVWV PD\ YDU\ ZLWK WKH VNLOO OHYHO DWWDLQHG E\ WKH HPSOR\HH
$OO RWKHU FRVWV WKDW DULVH ZKHQ WKH \W QW     QPW HPSOR\HHV VHUYH GHPDQG
b
’W DUH FDSWXUHG
LQ WKH RSHUDWLQJ FRVW IXQFWLRQ 2W\W QW     QPW
b
’W 7KHVH DUH ?YDULDEOH FRVWV WKDW FKDQJH ZLWK
WKH OHYHO RI WKH VHUYLFH UHTXLUHPHQWV 7KH\ W\SLFDOO\ LQFOXGH HPSOR\HH RYHUWLPH DQG WKH YDULDEOH
FRVW RI RXWVRXUFLQJ
1RWH WKDW ZH LQWHQWLRQDOO\ OHW WKH GHnQLWLRQ RI 2Wc UHPDLQ D ELW YDJXH DW WKLV SRLQW ,Q WKH
FRQWH[W RI RXU KLHUDUFKLFDO DSSURDFK LW UHoHFWV WKH RIWHQ GLpFXOW ZRUN DVVLJQPHQW DQG SHUVRQQHO
VFKHGXOLQJ SUREOHPV WKDW PXVW EH VROYHG LQ SHULRG W ,W PXVW DOVR LQFRUSRUDWH VHUYLFHOHYHO FRQ
VWUDLQWV WKDW HQVXUH WKDW ?DGHTXDWH FDSDFLW\ LV REWDLQHG WR ?UHDVRQDEO\ VHUYH GHPDQG %HFDXVH
WKH QDWXUH RI WKH ZRUN DVVLJQPHQW DQG SHUVRQQHO VFKHGXOLQJ SUREOHPV ^ DQG WKH UHVXOWLQJ IRUP RI
2Wc ^ PD\ YDU\ VXEVWDQWLDOO\ IURP RQH VHWWLQJ WR DQRWKHU ZH OHDYH WKH IXQFWLRQ XQGHnQHG 2XU
RQO\ WHFKQLFDO UHTXLUHPHQW LV WKDW 2W\W QW     QPW
b
’W EH MRLQWO\ FRQYH[ LQ \W QW     QPW
,Q [ ZH RmHU VLPSOH JHQHUDO H[DPSOHV RI 2Wc LQ ZKLFK WKLV FRQYH[LW\ SURSHUW\ KROGV
)LQDOO\ ZH XVH m WR GHQRWH WKH RQHSHULRG GLVFRXQW IDFWRU LQ WKH 0’3 DQG PLQLPL]H WKH
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VXEMHFW WR WKH V\VWHP G\QDPLFV    DQG 
1RWH WKDW IRU VLPSOLFLW\ ZH RQO\ FRQVLGHU FRVWV LQFXUUHG GXULQJ WKH SODQQLQJ KRUL]RQ LQ 
WKHUHIRUH WKH ?HQGRIKRUL]RQ FRVW IXQFWLRQ LV ]HUR 2WKHU W\SHV RI ?HQGRIKRUL]RQ FRVW IXQFWLRQV
FDQ DOVR EH LQFRUSRUDWHG
 2SWLPDOLW\ RI WKH +LUHXSWR 3ROLFLHV
:H ZLOO QRW VROYH WKH PDWKHPDWLFDO SURJUDP  GLUHFWO\ ,QVWHDG ZH VROYH WKH IROORZLQJ HTXLYDOHQW
0DUNRY ’HFLVLRQ 3URFHVV 0’3 SUREOHP 6HH [ DQG [ LQ 3XWHUPDQ >@ IRU WKLV HTXLYDOHQFH
/HW 9WQW     QPWM7  GHQRWH WKH WRWDO GLVFRXQWHG IXWXUH FRVW DW WKH EHJLQQLQJ RI SHULRG W
ZKHQ WKH QXPEHUV RI HPSOR\HHV RQ KDQG DUH QW     QPW DQG WKH SODQQLQJ KRUL]RQ LV 7 WLPH
SHULRGV 7KHQ ZH KDYH WKH IROORZLQJ UHFXUVLYH H[SUHVVLRQ
9WQW     QPWM7   PLQ
[Ww
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DQG   DQG  KROG
5HPDUN  1RWH WKDW 2W\W     QPW DQG WKHUHIRUH -W\W     QPWM7  LV QRW GHnQHG IRU \W  
/DWHU ZH ZLOO VKRZ WKH FRQYH[LW\ RI WKHVH IXQFWLRQV EXW IRU QRZ VXSSRVH FRQYH[LW\ KROGV IRU -W
:KHQ #-W
#\W
     QPWM7    WKH PLQLPXP RI -W\W     QPWM7  LV DFKLHYHG DW \eW QW     QPWM7  w
 DQG WKHUH LV QR QHHG IRU WKLV GHnQLWLRQ +RZHYHU ZKHQ #-W
#\W
     QPWM7  !  LW LV RS
WLPDO WR QRW KLUH \eW QW     QPWM7    ,Q WKLV FDVH ZH H[WHQG WKH GHnQLWLRQ RI -W VR








\WQW     QPWM7  QW     QPWM7    YDOLG DQG LW SUHVHUYHV WKH
FRQYH[LW\ RI -W
,Q WKLV VHFWLRQ RXU PDLQ UHVXOW VKRZV WKDW WKH RSWLPDO FRQWURO LV D VWDWHGHSHQGHQW KLUHXSWR
SROLF\
’HnQLWLRQ  $ SROLF\ LV RI WKH VWDWHGHSHQGHQW ?KLUHXSWR W\SH LI IRU DQ\ QW QW     QPW






\eW QW     QPWb QW LI QW  \eW QW     QPW
 RWKHUZLVH
)RU WKH nQLWHKRUL]RQ SUREOHP WKLV UHVXOW KROGV ZLWK QR DGGLWLRQDO DVVXPSWLRQV )RU WKH LQnQLWH
KRUL]RQ FDVH KRZHYHU ZH QHHG WR PDNH WKH IROORZLQJ WZR WHFKQLFDO DVVXPSWLRQV DERXW WKH VWDWH
VSDFH DQG FRVW ,Q SDUWLFXODU ZH DVVXPH WKDW IRU DQ\ SODQQLQJ KRUL]RQ 7 WKHUH H[LVWV ODUJH FRQ
VWDQWV 0 DQG . VXFK WKDW
$VVXPSWLRQ  \eW 
3P
L  QLW 0 L W
$VVXPSWLRQ  +W\W QW     QPW  .  W DQG  \W QW     QPW ZKHUH \W 3PL  QLW 0 

$VVXPSWLRQ  VWDWHV WKDW DW DQ\ WLPH WKH WRWDO QXPEHU RI HPSOR\HHV DIWHU KLULQJ GRHV QRW
H[FHHG 0  %HFDXVH OHDUQLQJ DQG WXUQRYHU ZLOO QRW LQFUHDVH WKH WRWDO QXPEHU RI HPSOR\HHV LQ WKH
RUJDQL]DWLRQ WKLV HQVXUHV WKDW LI ZH VWDUW ZLWK IHZHU WKDQ 0 SHRSOH LQ WRWDO WKHQ ZH ZLOO QHYHU
H[FHHG WKDW QXPEHU )RU H[DPSOH 0 FRXOG EH WKH WRWDO SRSXODWLRQ RQ HDUWK $V D UHVXOW WKH VWDWH
VSDFH FDQ EH UHGXFHG WR D ERXQGHG DQG FORVHG DQG WKHUHIRUH FRPSDFW VXEVHW RI 5P
$VVXPSWLRQ  VWDWHV WKDW ZKHQHYHU ZH KDYH nQLWH QXPEHU RI SHRSOH LQ WKH RUJDQL]DWLRQ WKH
WRWDO RQHSHULRG FRVW LV ERXQGHG 7KLV LV VWUDLJKWIRUZDUG IRU KLULQJ DQG ZDJH FRVWV ,W DOVR KROGV
IRU WKH RSHUDWLQJ FRVWV :KLOH ZH KDYH QRW H[SOLFLWO\ GHnQHG 2Wc ZH NQRZ WKDW DV ORQJ DV WKHUH
H[LVW nQLWH ERXQGV RQ DOO VHUYLFH UHTXLUHPHQWV DQG FRVW SDUDPHWHUV WKH WRWDO RSHUDWLQJ FRVW LQ DQ\
WLPH SHULRG LV ERXQGHG
1RZ ZH DUH UHDG\ WR VWDWH RXU PDLQ UHVXOW
7KHRUHP 
L )RU 7  -W\W QW QPWM7  LV MRLQWO\ FRQYH[ LQ \W QW QPW DQG 9WQW     QPWM7 
LV MRLQWO\ FRQYH[ LQ QW     QPW IRU DOO W
LL )RU 7   XQGHU $VVXPSWLRQV  DQG  -W\W QW QPWM LV MRLQWO\ FRQYH[ LQ \W QW QPW
DQG 9WQW     QPWM LV MRLQWO\ FRQYH[ LQ QW     QPW IRU DOO W
7KHUHIRUH IRU ERWK FDVHV LQ DQ\ WLPH SHULRG WKH RSWLPDO SROLF\ LV RI WKH ?KLUHXSWR W\SH
6NHWFK RI 3URRI 7KH SURRI RI SDUW L LV VLPLODU WR FODVVLF SURRIV RI FRQYH[LW\ UHVXOWV LQ WKH
LQYHQWRU\ OLWHUDWXUH DQG ZLOO EH SUHVHQWHG LQ $SSHQGL[ $ ,W GLmHUV IURP WKDW IRU PRUH WUDGLWLRQDO
LQYHQWRU\ PRGHOV KRZHYHU EHFDXVH RI WKH G\QDPLFV LQ ZKLFK ?LQYHQWRU\ FKDQJHV W\SH ,Q SDUWLF
XODU ZH XVH WKH IROORZLQJ OHPPDV WR VKRZ WKDW FRQYH[LW\ RI WKH 0’3 YDOXH IXQFWLRQ LV SUHVHUYHG
LQ WKH SUHVHQFH RI OHDUQLQJ DQG WXUQRYHU DQG WKDW FRQYH[LW\ LV SURSDJDWHG WKURXJK WKH PLQLPL]D
WLRQ WKDW LV FHQWUDO WR 0’3 UHFXUVLRQ 7KH\ IROORZ IURP 7KHRUHPV  DQG  LQ 5RFNDIHOODU >@
UHVSHFWLYHO\
/HPPD  ,I J\     \Q LV MRLQWO\ FRQYH[ LQ \     \Q DQG IL[     [P L       Q DUH OLQ
HDU IXQFWLRQV WKHQ K[ [     [P  JI[     [P    IQ[     [P LV DOVR MRLQWO\ FRQYH[
LQ [     [P
/HPPD  /HW IQ Q     QP  LQI\wQ IK\ Q     QPJ ,I K\ Q     QP LV MRLQWO\ FRQYH[
LQ \ Q     QP WKHQ IQ Q     QP LV MRLQWO\ FRQYH[ LQ Q Q     QP

6WDQGDUG 0’3 UHVXOWV SURYLGH WKDW ZLWK VWDWLRQDU\
b
’W WKH LQnQLWH KRUL]RQ FRVW IXQFWLRQV DUH WKH
OLPLWV RI nQLWH KRUL]RQ FRVW IXQFWLRQV 7KDW LV OLP7 9WQW     QPWM7   9WQW     QPWM
DQG OLP7 -W\W     QPWM7   9W\W     QPWM $V D UHVXOW FRQYH[LW\ RI FRVW IXQFWLRQ LV SUH
VHUYHG DQG WKH RSWLPDO SROLF\ LV DJDLQ RI KLUHXSWR W\SH )RU QRQVWDWLRQDU\
b
’W RU QRQVWDWLRQDU\
FRVWV LQ WKH LQYHQWRU\ PRGHOV .DUOLQ >@ VWDWHV WKDW VLPLODU UHVXOWV FDQ EH VKRZQ E\ XVLQJ OLPLW
UHVXOWV EXW GRHV QRW SURYLGH D SURRI 2XU SURRI RI SDUW LL DOVR SUHVHQWHG LQ $SSHQGL[ $ FRQnUPV
WKLV FODLP

5HPDUN  7KHUH DUH WZR ZD\V WR YLHZ RXU V\VWHP DV DQ LQYHQWRU\ V\VWHP )LUVW RXU PRGHO
PD\ EH YLHZHG DV D VLQJOH ORFDWLRQ PRGHO ZLWK PXOWLSOH W\SHV RI LQYHQWRULHV +HUH WXUQRYHU FRUUH
VSRQGV WR ?VSRLODJH RU VRPH RWKHU VSHFLDO W\SH RI LQYHQWRU\OHYHOGHSHQGHQW GHPDQG DQG OHDUQLQJ
FRUUHVSRQGV WR WKH FKDQJH RI W\SH DPRQJ GLmHUHQW W\SHV RI LQYHQWRULHV
6HFRQG RXU PRGHO PD\ EH YLHZHG DV D PXOWLHFKHORQ LQYHQWRU\ V\VWHP +HUH GLmHUHQW OHYHOV
RQ WKH OHDUQLQJ FXUYH FRUUHVSRQG WR GLmHUHQW V\VWHP HFKHORQV ,Q WXUQ OHDUQLQJ LV WKH DQDORJXH RI
WUDQVIHU EHWZHHQ HFKHORQV DQG WXUQRYHU UHSUHVHQWV WKH HFKHORQV
 LQYHQWRU\OHYHO GHSHQGHQW GHPDQG
7KH IDFW WKDW OHDUQLQJ DQG WXUQRYHU DUH UDQGRP DQG WKDW FRVWV DUH QRW VHSDUDEOH PDNHV WKHVH
LQYHQWRU\ PRGHOV GLpFXOW WR VROYH
1RWH DOVR WKDW WKH RSWLPDOLW\ RI ?XSWR W\SH RI SROLF\ KDV DOVR EHHQ HVWDEOLVKHG IRU RWKHU
FDSDFLWDWHG SURGXFWLRQ V\VWHPV ZLWK VWDWLRQDU\ RU SHULRGLF GHPDQG 6HH $YLY DQG )HGHUJUXHQ >@
DQG .DSXuVFLuQVNL DQG 7D\XU >@ IRU UHFHQW UHVXOWV DV ZHOO DV UHIHUHQFHV WR RWKHU ZRUN
 0RGHOLQJ &RQVLGHUDWLRQV
 2SHUDWLQJ &RVW )XQFWLRQ
1RZ ZH ZLOO GLVFXVV LQ GHWDLO WKH RSHUDWLQJ FRVW IXQFWLRQ 2W\W QW     QPW
b
’W DQG GHVFULEH
KRZ LW FDQ EH PRGHOHG WR DGGUHVV WKH XQFHUWDLQW\ LQ WKH VHUYLFH UHTXLUHPHQW IRUHFDVW DV ZHOO DV WR
FDSWXUH WKH HVVHQFH RI WKH DVVLJQPHQW DQG ZRUNIRUFH VFKHGXOLQJ SUREOHPV
:H ZLOO VWDUW ZLWK D VLPSOH H[DPSOH 6XSSRVH WKHUH LV RQO\ RQH MRE W\SH )RU WKH ZRUNIRUFH
VFKHGXOLQJ SUREOHP ZLWKLQ DQ\ WLPH SHULRG W ZH DVVXPH WKDW WKHUH DUH LQ WRWDO 6 VXELQWHUYDOV LQ

WKH SHULRG LQGH[HG E\ V        6 :LWKLQ WKLV WLPH SHULRG WKHUH PD\ H[LVW :6 IHDVLEOH ZRUN
VFKHGXOHV LQGH[HG E\ Z       :6 7KHVH ZRUN VFKHGXOHV PD\ RU PD\ QRW LQFOXGH RYHUWLPH
EXW DOO RI WKHP VDWLVI\ ZRUNSODFH UXOHV DQG UHJXODWLRQV UHJDUGLQJ EUHDNV RYHUWLPH DQG VR RQ
(DFK W\SHL HPSOR\HH LV DVVXPHG WR KDYH D SURFHVVLQJ FDSDFLW\ RI xL )RU QRZ ZH ZLOO DVVXPH
WKDW VHUYLFH UHTXLUHPHQWV DUH VSHFLnHG DV UHTXLUHPHQWV IRU WRWDO SURFHVVLQJ FDSDFLWLHV :H XVH
b
’W  I’VWJV 6 WR GHQRWH WKHVH UHTXLUHPHQWV IRU HDFK VXELQWHUYDO V RI SHULRG W
/HW
,Z V  
!
!
 LI ZRUN VFKHGXOH Z UHTXLUHV ZRUNLQJ LQ VXELQWHUYDO V
 RWKHUZLVH

DQG OHW [LZ GHQRWH WKH QXPEHU RI W\SHL HPSOR\HHV RQ ZRUN VFKHGXOH Z )RU VLPSOLFLW\ ZH ZLOO
DVVXPH WKDW D n[HG FRVW RI &LZ LV LQFXUUHG WR DVVLJQ D W\SHL HPSOR\HH WR ZRUN VFKHGXOH Z
:KHQ WKH VHUYLFH UHTXLUHPHQWV FDQQRW EH PHW ZLWK DYDLODEOH UHJXODU WLPH DQG RYHUWLPH RI DOO
HPSOR\HHV RXWVRXUFLQJ ZLOO EH XVHG WR VDWLVI\ WKH UHVLGXDO VHUYLFH UHTXLUHPHQWV 0RUH VSHFLnFDOO\
ZH OHW YDULDEOHV ]V GHQRWH WKH DPRXQW RI ZRUN WR EH RXWVRXUFHG LQ VXELQWHUYDO V ,W ZLOO DJDLQ EH
DVVXPHG WKDW D n[HG FRVW RI 26V LV LQFXUUHG IRU HDFK XQLW RI RXWVRXUFHG ZRUN LQ VXELQWHUYDO V
7KHUHIRUH WKH RSHUDWLQJ FRVW IXQFWLRQ LV WKH PLQLPXP FRVW REWDLQHG E\ VROYLQJ WKH IROORZLQJ
/LQHDU 3URJUDP /3 IRU HDFK \W QW     QPW























[LZ  QLW   L  P
[LZ ]V w  L Z V
1RWH WKDW WKLV /3 LV D FRQWLQXRXV DSSUR[LPDWLRQ WR WKH UHDO VFKHGXOLQJ SUREOHP LQ ZKLFK DOO [LZ
DVVXPH LQWHJHU YDOXHV (YHQ WKRXJK WKLV /3 PD\ JLYH IUDFWLRQDO RSWLPDO VROXWLRQV RI [LZ WKDW DUH
QRW GLUHFWO\ LPSOHPHQWDEOH IRU ODUJH RUJDQL]DWLRQV ZLWK PDQ\ HPSOR\HHV WKH PLQLPXP REMHFWLYH
IXQFWLRQ REWDLQHG IURP WKLV /3 2Wc LV OLNHO\ WR EH FORVH WR WKH UHDO RSHUDWLQJ FRVW IXQFWLRQ
%HUPDQ /DUVRQ DQG 3LQNHU >@ XVH D VLPLODU /3 IRUPXODWLRQ WR VROYH WKH ZRUNIRUFH DQG ZRUNoRZ
VFKHGXOLQJ SUREOHP DW KLJK YROXPH IDFWRULHV VXFK DV 8636 0DLO 3URFHVVLQJ &HQWHUV

3URSRVLWLRQ  )RU DQ\ n[HG
b
’W 2W\W QW     QPW
b
’W LV MRLQWO\ FRQYH[ LQ \W QW     QPW
3URRI 6XSSRVH IRU \W QW     QPW I[LZ ]VJ DFKLHYHV WKH PLQLPXP LQ 2W\W QW     QPW
DQG IRU \W Q

W     Q

PW I[LZ ]VJ DFKLHYHV WKH PLQLPXP 7KHQ IRU w\W QW     QPW   b
w\W Q

W     QPW WKH FRPELQDWLRQ w I[LZ ]VJ b w I[LZ ]VJ LV IHDVLEOH 0RUHRYHU
w2W\W QW     QPW
b





































w]V  b w]V
c
w 2Ww\W QW     QPW  b w\W QW     QPWb’W 
1RWH WKDW IRU WKH OLQHDU FRVW IXQFWLRQV DV LV WKH FDVH LQ WKLV H[DPSOH  LV DFWXDOO\ DQ HTXDOLW\
%XW LQ JHQHUDO w LV VXpFLHQW :KHQ WKH FRVW IXQFWLRQV DUH FRQYH[ w FOHDUO\ KROGV 7KHUHIRUH
3URSRVLWLRQ  KROGV IRU JHQHUDO FRQYH[ FRVW IXQFWLRQV &LZc DQG 26Vc DV ZHOO VHH 3URSRVLWLRQ 
EHORZ

,QGHHG LQ PRUH JHQHUDO FDVHV WKH VFKHGXOLQJ SUREOHP LV PRUH GLpFXOW )RU H[DPSOH ERWK WKH
GHPDQG IRUHFDVW DQG WKH VHW RI HPSOR\HH VNLOOV PD\ LQFOXGH PXOWLSOH W\SHV RI VHUYLFH 1HYHUWKHOHVV
ZH FDQ DGDSW WKH RULJLQDO /3 WR WDNH WKHVH LQWR DFFRXQW
6XSSRVH WKDW WKHUH DUH - W\SHV RI MREV LQGH[HG E\ M       -  DQG WKDW HDFK HPSOR\HH W\SH L
VSHFLnHV D JURXS RI HPSOR\HHV WKDW DUH FDSDEOH RI SURFHVVLQJ WKH VDPH W\SHV RI MREV DQG ZRUN DW WKH
VDPH VSHHG 7KH VHUYLFH UHTXLUHPHQW IRUHFDVW
b







 7KHVH VHUYLFH UHTXLUHPHQWV PD\ EH PRGHOHG DV GLVWULEXWLRQV WR DFFRXQW IRU WKH
IRUHFDVW XQFHUWDLQW\ 7KH FRVW RI DVVLJQLQJ [LZ W\SHL HPSOR\HHV WR ZRUN VFKHGXOH Z LV &LZ[LZ
DQG WKH FRVW RI RXWVRXUFLQJ ]VM W\SHM ZRUN LQ VXELQWHUYDO V LV 26VM]VM %RWK FRVW IXQFWLRQV FDQ
EH JHQHUDO FRQYH[ IXQFWLRQV 7KLV LQFOXGHV WKH SUHYLRXV OLQHDU FRVWV DV VSHFLDO FDVHV
7KH IROORZLQJ PDWKHPDWLFDO SURJUDP WKHUHIRUH JHQHUDOL]HV WKH RULJLQDO /3















VW I[     [P:6  ]     ]6- 
b






[LZ  QLW   L  P
[LZ ]VM w  L Z V M
+HUH  LV D VHUYLFHOHYHO FRQVWUDLQW WKDW JHQHUDOL]HV  %HFDXVH IRUHFDVWV FDQ EH XQFHUWDLQ WKH
VHUYLFH FRQVWUDLQWV PD\ DOVR EH VSHFLnHG LQ GLVWULEXWLRQDO IRUP )RU H[DPSOH LW PD\ VD\ ?WKH FKRLFH
RI [     [P:6  ]     ]6- VKRXOG EH VXFK WKDW WKH SUREDELOLW\ RI PHHWLQJ D FHUWDLQ VHUYLFH
VWDQGDUG LV PRUH WKDQ D FHUWDLQ SHUFHQWDJH D &OHDUO\ WKH HYDOXDWLRQ RI HTXDWLRQ  LV QRW
WUDQVSDUHQW ,QGHHG LW LQFOXGHV WKH ORZOHYHO ZRUN DVVLJQPHQW DVSHFW RI WKH SUREOHP 1HYHUWKHOHVV
E\ LPSRVLQJ D PLOG UHVWULFWLRQ RQ  ZH FDQ JXDUDQWHH WKH FRQYH[LW\ RI WKH IXQFWLRQ 2Wc
3URSRVLWLRQ  )RU D n[HG
b
’W LI
L WKH VHW I[     [P:6  ]     ]6-  I[     [P:6  ]     ]6- b’W w J LV FRQYH[
LL WKH FRVW IXQFWLRQV &LZLc DQG 26VMc DUH FRQYH[







 2W\W QW     QPW
b
’W LV MRLQWO\ FRQYH[
3URRI 7KH SURRI LV VLPLODU WR WKDW RI 3URSRVLWLRQ  :H RQO\ QHHG WR QRWH WKDW FRQGLWLRQ L
LV XVHG WR HQVXUH WKH FRQYH[LW\ RI WKH IHDVLEOH UHJLRQ DQG FRQGLWLRQ LL JXDUDQWHHV  LQ  VWLOO
KROGV

&RQGLWLRQV L DQG LL DSSHDU WR EH UHDVRQDEOH )RU H[DPSOH IRU FRQGLWLRQ L LI WZR VROXWLRQV
WR WKH PDWK SURJUDP [     [P:6  ]     ]6- SURYLGH DFFHSWDEOH VHUYLFH PRUH WKDQ D RI WKH
WLPH LW LV UHDVRQDEOH WR DVVXPH WKDW D OLQHDU FRPELQDWLRQ RI WKHP ZLOO DOVR GR VR 7KLV DVVXPSWLRQ
LV WUXH IRU H[DPSOH ZKHQ VHUYLFH UHTXLUHPHQWV
b
’W DUH VSHFLnHG RQO\ DV UHTXLUHPHQWV IRU WRWDO
SURFHVVLQJ FDSDFLW\ 6LQFH WKH PDUJLQDO FRVW RI HDFK H[WUD XQLW RI RXWVRXUFHG ZRUN LV W\SLFDOO\
LQFUHDVLQJ LW LV DOVR UHDVRQDEOH WR DVVXPH 26VMc WR EH FRQYH[ &LZLc LV XVXDOO\ OLQHDU

 7UDLQLQJ+LULQJ /HDGWLPH
,Q RUJDQL]DWLRQV LQ ZKLFK HPSOR\HHV QHHG WR DFTXLUH D FHUWDLQ OHYHO RI VHUYLFH SURnFLHQF\ EHIRUH
WKH\ DUH SXW ?RQOLQH WUDLQLQJ LV DQ LPSRUWDQW FRPSRQHQW RI WKH KLULQJ SURFHVV )RU H[DPSOH LQ
VRPH FDOO FHQWHUV LQLWLDO WUDLQLQJ IRU D &65 PD\ WDNH PRUH WKDQ  PRQWKV WR FRPSOHWH ,Q WKLV
FDVH KLULQJ OHDGWLPH RI ZKLFK WUDLQLQJ LV D PDMRU FRPSRQHQW EHFRPHV YHU\ LPSRUWDQW LQ FDSDFLW\
SODQQLQJ IRU IXWXUH SHULRGV
%HFDXVH RXU PRGHO DOUHDG\ LQFOXGHV PXOWLSOH HPSOR\HH W\SHV LW LV VWUDLJKWIRUZDUG WR LQFRUSRUDWH
WKLV OHDGWLPH ,I WKH KLULQJWUDLQLQJ OHDGWLPH LV w SHULRGV WKHQ ZH DGG w PRUH HPSOR\HH W\SHV WKXV
P ! w DQG XVH HPSOR\HH W\SHV  WR w WR GHQRWH WKH WUDLQHHV )RU RUJDQL]DWLRQV LQ ZKLFK WUDLQLQJ
PDLQO\ WDNHV SODFH RQ WKH MRE xL ! L       w GHQRWHV WKH VHUYLFH RXWSXW WKHVH WUDLQHHV PD\
JHQHUDWH )RU RWKHU RUJDQL]DWLRQV LQ ZKLFK HPSOR\HHV PXVW UHFHLYH D PLQLPXP DPRXQW RI LQLWLDO
WUDLQLQJ EHIRUH ZRUNLQJ xL   L       w 1RWH WKDW :L IRU   L  w DUH WKH WUDLQHH ZDJH
DQG EHQHnW UDWHV ,I WKH KLULQJ SURFHVV LWVHOI WDNHV VRPH WLPH WKHQ WKH nUVW IHZ :L
V PD\ EH 
,W LV FOHDU WKDW RXU IRUPXODWLRQ RmHUV oH[LELOLW\ LQ PRGHOLQJ DOO NLQGV RI KLULQJ OHDGWLPHV DQG WKHLU
DVVRFLDWHG FRVWV
 6WDWLRQDU\ RU ,QFUHDVLQJ 6HUYLFH 5HTXLUHPHQWV &DVHV LQ :KLFK
0\RSLF 3ROLFLHV DUH 2SWLPDO
(YHQ WKRXJK ZH KDYH FKDUDFWHUL]HG WKH RSWLPDO KLULQJ SROLF\ LW PD\ EH GLpFXOW WR LPSOHPHQW
7KH KLJK GLPHQVLRQDOLW\ RI WKH VWDWH VSDFH PDNHV WKH FRPSXWDWLRQDO WDVN UHTXLUHG IRUPLGDEOH
SDUWLFXODUO\ LQ RUJDQL]DWLRQV ZLWK PDQ\ HPSOR\HHV
:KHQ WKH VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ RU VWRFKDVWLFDOO\ LQFUHDVLQJ KRZHYHU P\RSLF
SROLFLHV PD\ EH RSWLPDO 8QGHU P\RSLF SROLFLHV ZH RSWLPL]H RQHSHULRG VWDWLF SUREOHPV IRU HDFK
SHULRG UDWKHU WKDQ WKH 0’3
V G\QDPLF PXOWLSHULRG SUREOHP WKXV JUHDWO\ UHGXFLQJ WKH FRPSX
WDWLRQDO UHTXLUHPHQW
’HnQLWLRQ  $ SROLF\ LV P\RSLF LI LQ HDFK SHULRG W DQ DFWLRQ [*W QW     QPW LV WDNHQ ZKHUH
[*W QW     QPW LV WKH PLQLPL]HU RI VRPH RQHSHULRG FRVW IXQFWLRQ *WQW  [W     QPW
b
’ W $




’ W    IRU DQ\
QW     QPW

,Q WKLV VHFWLRQ ZH H[DPLQH WZR FDVHV IRU ZKLFK P\RSLF SROLFLHV DUH RSWLPDO :KLOH P\RSLF
SROLFLHV DUH QRW RSWLPDO LQ JHQHUDO WKH\ PD\ DOVR SURYH WR EH HmHFWLYH FRPSXWDWLRQDOO\ SUDFWLFDO
KHXULVWLFV IRU D EURDGHU FODVV RI SUREOHP LQVWDQFHV WKDQ WKH VSHFLDO FDVHV LQ ZKLFK WKH\ DUH RSWLPDO
 1R /HDUQLQJ 1R +LULQJ /HDGWLPH
,Q VRPH RUJDQL]DWLRQV YHU\ OLWWOH LQLWLDO WUDLQLQJ LV XVHG DQG OHDUQLQJ RQ WKH MRE LV VR IDVW RU VR
OLWWOH WKDW ZH FDQ PRGHO DOO WKH HPSOR\HHV DV RQH W\SH 7KH SURWRW\SLFDO H[DPSOH RI WKLV W\SH RI
RSHUDWLRQ LV D ?IDVWIRRG UHVWDXUDQW (YHQ WKRXJK OHDUQLQJ LV QRW D IDFWRU LQ WKHVH RUJDQL]DWLRQV
WXUQRYHU UHPDLQV DQ LPSRUWDQW SUREOHP
6LQFH WKHUH LV RQO\ RQH HPSOR\HH W\SH ZKHQ KLULQJ OHDGWLPH LV ]HUR WKH VWDWH VSDFH EHFRPHV
RQHGLPHQVLRQDO :H ZLOO GURS WKH VXEVFULSW L DQG NHHS WKH PHDQLQJ RI YDULDEOHV DQG SDUDPHWHUV
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WKHQ JLYHQ DQ\ KLULQJ SROLF\ {
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ZKHUH \W w QW DQG QW  aUW\W
(TXDOLW\  KROGV EHFDXVH Q~ LV LQGHSHQGHQW RI IaUWJW ~ DQG \~ LV LQGHSHQGHQW RI IaUWJW ~ 
ZKLFK LPSOLHV WKDW IRU DQ\ ~ 
(IIaUWJW J IQ~J  (IIaUWJ~W J IQ~J  U~(IIaUWJ~bW  J I\~J  U~(IIaUWJW J I\~J 
1RWH WKDW WKH DERYH WUDQVIRUPDWLRQ  DOVR KROGV LQ WKH nQLWH KRUL]RQ FDVH LI ZH DVVXPH DQ
?HQGRIKRUL]RQ FRVW IXQFWLRQ RI 97Q7  bmKQ7

7KXV  GHnQHV WKH RQHSHULRG FRVW IXQFWLRQ *c WKDW LV WKH EDVLV RI D P\RSLF SROLF\ :KHQ
WKH GHPDQG GLVWULEXWLRQ Ib’WJ LV VWDWLRQDU\ LW LV QRW GLpFXOW WR VKRZ WKDW UHSHDWHGO\ RSWLPL]LQJ*c
PLQLPL]HV 9 c DV ZHOO )XUWKHUPRUH ZKHQ WKH VHTXHQFHV RI GHPDQGV LV ?VWRFKDVWLFDOO\ LQFUHDVLQJ
P\RSLF SROLFLHV FRQWLQXH WR EH RSWLPDO JLYHQ WKH IROORZLQJ DVVXPSWLRQ
$VVXPSWLRQ  )RU WZR IRUHFDVW GLVWULEXWLRQV LI
b
’ x b’ WKHQ G2W\Wb’ G\W w G2W\Wb’ G\W
IRU DOO W DQG \W
5HFDOO WKDW D UDQGRP YDULDEOH ; LV VDLG WR EH VWRFKDVWLFDOO\ OHVV WKDQ RU HTXDO WR DQRWKHU
UDQGRP YDULDEOH <  ; x <  LI WKHLU FRUUHVSRQGLQJ FXPXODWLYH GLVWULEXWLRQ IXQFWLRQV ); DQG )<
VDWLVI\ );[ w )< [ IRU DOO [ 7KHQ $VVXPSWLRQ  VWDWHV WKDW WKH PDUJLQDO YDOXH RI DQ H[WUD
HPSOR\HH LQ UHGXFLQJ WKH RSHUDWLQJ FRVW LV KLJKHU ZKHQ WKH VHUYLFH UHTXLUHPHQW LV VWRFKDVWLFDOO\
KLJKHU
7KHRUHP  6XSSRVH V\VWHP SDUDPHWHUV H[FHSW WKH VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ /HW \*W  
DUJPLQ\W*W\W &KRRVH WKH VPDOOHVW ZKHQ PXOWLSOH PLQLPL]HUV H[LVW 7KHQ JLYHQ $VVXPSWLRQ 
ZKHQ WKHUH LV QR OHDUQLQJ DQG QR KLULQJ OHDGWLPH
L IRU ERWK WKH LQnQLWHKRUL]RQ FDVH DQG WKH nQLWHKRUL]RQ FDVH ZLWK HQGRIKRUL]RQ FRVW IXQFWLRQ
97Q7  bmKQ7 LI WKH VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ RU VWRFKDVWLFDOO\ LQFUHDV
LQJ \*W  \*W IRU DOO W
LL LI \*W  \*W IRU DOO W WKHQ WKH P\RSLF SROLF\ RI PLQLPL]LQJ *W\W LQ HDFK SHULRG W LV RSWLPDO
7KDW LV WKH ?KLUHXSWR QXPEHUV LQ WKH RSWLPDO SROLF\ DUH \e \
e




    
7KHUHIRUH ZKHQ VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ RU VWRFKDVWLFDOO\ LQFUHDVLQJ WKH P\RSLF SRO
LF\ LV RSWLPDO ,Q VWHDG\VWDWH ZLWK VWDWLRQDU\ UHTXLUHPHQWV [eW  aTW\
*
W  DQG ZLWK LQFUHDVLQJ
UHTXLUHPHQWV [eW  \
*
W b \*W   aTW\*W 
3URRI 3DUW L :KHQ VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ *W\W LV WKH VDPH IRU DOO W WKHUHIRUH
\*W  \
*
W IRU DOO W :KHQ VHUYLFH UHTXLUHPHQWV DUH VWRFKDVWLFDOO\ LQFUHDVLQJ
b
’W x b’ W WKHQ E\
$VVXPSWLRQ  2W\W
b






*W\   +HQFH WKH FRQYH[LW\ RI ERWK *Wc DQG *Wc LPSOLHV
\*W  \*W

3DUWLL :H QRWH WKDW HYHQ WKRXJK WKH FRVWV XQGHUO\LQJ *Wc LQ WKH VWDpQJ SUREOHP GLmHU
IURP WKH FRVWV XQGHUO\LQJ RQHSHULRG FRVWV LQ LQYHQWRU\ SUREOHPV WKH FRQYH[LW\ DQG VHSDUDELOLW\
RI WKH *Wc
V DORQJ ZLWK WKH IDFW WKDW WKH VHTXHQFH RI VROXWLRQV I\*W J LV LQFUHDVLQJ DUH VXpFLHQW
WR HQVXUH WKDW FODVVLF DUJXPHQWV IURP LQYHQWRU\ WKHRU\ KROG )RU H[DPSOH VHH 3URSRVLWLRQ  DQG
7KHRUHP  LQ +H\PDQ DQG 6REHO >@





QW  aUW\W  aUW\
*




W b QW   b aUW\eW  aTW\*W  :KHQ WKH VHUYLFH UHTXLUHPHQWV




W b QW  \*W b \*W   aTW\*W 

7KH LPSOLFDWLRQ KHUH LV WKDW LI VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ ZH DUH VLPSO\ KLULQJ WR
UHSODFH WKRVH ZKR KDYH MXVW OHIW ?[IRU[ ,I WKH VHUYLFH UHTXLUHPHQWV DUH LQFUHDVLQJ ZH KLUH WR
UHSODFH WKH WXUQRYHU DV ZHOO DV WR H[SDQG WR PHHW LQFUHDVLQJ GHPDQG 7KHUHIRUH QRW RQO\ LV WKH
RSWLPDO SROLF\ P\RSLF WKH RSWLPDO KLULQJ DFWLRQ LQ VWHDG\ VWDWH LV DOVR YHU\ HDV\ WR XQGHUVWDQG
DQG VLPSOH WR H[HUFLVH
5HPDUN  ,JOHKDUW DQG -DTXHWWH >@ KDYH VKRZQ WKDW IRU DQ LQYHQWRU\ PRGHO ZLWK LQYHQWRU\OHYHO
GHSHQGHQW GHWHULRUDWLRQ DQ RUGHUXSWR SROLF\ LV RSWLPDO :KLOH WKH QDWXUH RI WKH FRVW IXQFWLRQ
LQ WKHLU PRGHO LV GLmHUHQW IURP WKDW LQ RXU VWDpQJ PRGHO DGDSWDWLRQ RI WKHLU SURRI WR D GLVFUHWH
VWDWHVSDFH YHUVLRQ RI RXU SUREOHP VKRZV WKDW LQ WKLV VSHFLDO FDVH D P\RSLF KLUHXSWR SROLF\ LV
RSWLPDO HYHQ ZKHQ WXUQRYHU LV ELQRPLDOO\ GLVWULEXWHG 7KH SURRI KLQJHV RQ WKH 73 SURSHUW\ RI
ELQRPLDO GLVWULEXWLRQV 6HH 3URSRVLWLRQ  LQ .DUOLQ >@
 3RVLWLYH +LULQJ /HDGWLPH ’HWHUPLQLVWLF 7XUQRYHU DQG 1R /HDUQLQJ
,Q WKLV VHFWLRQ ZH FRQVLGHU SRVLWLYH KLULQJ OHDGWLPH FDVHV DQG OHW w EH WKH OHDGWLPH $V EHIRUH ZH
ZLOO DVVXPH QR OHDUQLQJ RQ WKH MRE VR WKHUH DUH w W\SHV RI HPSOR\HHV 7KH nUVW w W\SHV DUH LQ
WKH SURFHVV RI EHLQJ KLUHG RU WUDLQHG DQG RQO\ W\SH w KDV SURGXFWLYH FDSDFLW\ xw !  :H
ZLOO DOVR DVVXPH WKDW WKH WXUQRYHU UDWHV DUH GHWHUPLQLVWLF DQG VWDWLRQDU\ 7KDW LV aTLW  TL aULW  
UL  b TL ZLWK SUREDELOLW\ RQH IRU FRQVWDQWV TL L       w 























5HPDUN  6WDpQJ SRVLWLRQ IROORZV LQ VSLULW WKH ?LQYHQWRU\ SRVLWLRQ FRQFHSW LQ WKH LQYHQWRU\
OLWHUDWXUH HJ VHH $UURZ .DUOLQ DQG 6FDUI >@ %HFDXVH WXUQRYHU UHGXFHV WKH QXPEHU RI SHRSOH LQ
HDFK SHULRG KRZHYHU WKH VWDpQJ SRVLWLRQ LQ RXU VHWWLQJ LV D ZHLJKWHG VXP RI DOO WKH SHRSOH LQ WKH
SLSHOLQH )RU H[DPSOH VXSSRVH [Wbw WUDLQHHV DUH KLUHG DW WKH EHJLQQLQJ RI SHULRG Wbw 7KHQ




ZLOO EH DYDLODEOH WR ZRUN DW WKH EHJLQQLQJ RI SHULRG W





wb ZLOO UHPDLQ DW WKH EHJLQQLQJ RI SHULRG
W w GXH WR RQWKHMRE WXUQRYHU 7UDLQHHV DW GLmHUHQW OHYHOV ZLOO VWDUW ZRUNLQJ LQ GLmHUHQW SHULRGV
VR WKH SURSRUWLRQV RI WKHP WKDW ZLOO ?VXUYLYH XQWLO SHULRG W w DUH GLmHUHQW
-XVW DV 63W  \Ww ZH FDQ WUDQVIRUP KLULQJ FRVWV DQG QXPEHUV KLUHG RYHU RQH OHDGWLPH WR
GHYHORS UHVXOWV WKDW DUH DQDORJRXV WR 7KHRUHP  6SHFLnFDOO\ LI ZH DUH LQ SHULRG W b w WKHQ WKH















+HUH I:    :wJ UHSUHVHQW ZDJHV WKDW PD\ EH SDLG WR HPSOR\HHV LQ GLmHUHQW VWDJHV RI KLULQJ
DQG WUDLQLQJ 7KDW LV LI WKH OHDGWLPH LQFOXGHV DQ LQLWLDO WUDLQLQJ SHULRG WKHQ ZDJHV SDLG GXULQJ
WUDLQLQJ PD\ EH LQFOXGHG KHUH 2WKHUZLVH WKH\ PD\ EH VHW WR ]HUR
7KHQ XVLQJ I63W J DQG AK LQ SODFH RI I\WJ DQG K ZH PD\ P\RSLFDOO\ VROYH WKH KLULQJ SUREOHP
DV LQ 7KHRUHP  WR JHQHUDWH WKH RSWLPDO KLULQJ QXPEHUV IA[WJ 1RWH KRZHYHU WKDW A[W FRUUHVSRQGV





7KXV ZH KDYH WKH IROORZLQJ DQDORJXH WR 7KHRUHP 
&RUROODU\  ,I WKHUH LV QR OHDUQLQJ WXUQRYHU LV GHWHUPLQLVWLF DQG VWDWLRQDU\ WKH KLULQJ OHDGWLPH
LV w DQG VHUYLFH UHTXLUHPHQWV DUH VWDWLRQDU\ RU VWRFKDVWLFDOO\ LQFUHDVLQJ WKHQ D P\RSLF SROLF\ LV
RSWLPDO )XUWKHUPRUH WKH SROLF\ XVHV  DV WKH V\VWHP VWDWH DQG  DV KLULQJ FRVW DQG LW
GHWHUPLQHV QHW KLULQJ QXPEHUV IA[WJ XVLQJ WKH DOJRULWKP RI 7KHRUHP  ,W WKHQ FDOFXODWHV RSWLPDO
KLULQJ QXPEHUV I[eWbwJ IURP IA[WJ XVLQJ 

 1RQVWDWLRQDU\ 5HTXLUHPHQWV 3HULRGLFLW\ DQG 6PRRWKLQJ
,Q PDQ\ VHUYLFH RUJDQL]DWLRQV FXVWRPHU GHPDQG IRU VHUYLFH LV KLJKO\ QRQVWDWLRQDU\ )RU H[DPSOH
UHWDLO VWRUHV DQG FDWDORJ YHQGRUV H[SHULHQFH KROLGD\VHDVRQ VSLNHV LQ GHPDQG 6LPLODUO\ IRU FDOO
FHQWHUV LQ UHWDLO nQDQFLDO VHUYLFHV WD[ VHDVRQ PHDQV KLJK FDOO YROXPHV ,Q WKLV VHFWLRQ ZH ZLOO
GHULYH VWUXFWXUDO SURSHUWLHV RI WKH RSWLPDO KLULQJ SROLF\ ZKHQ WKH VHUYLFH UHTXLUHPHQWV DUH QRQ
VWDWLRQDU\ )LUVW LQ [ DQG [ ZH ZLOO VWXG\ VWUXFWXUDO SURSHUWLHV RI WKH RSWLPDO SROLF\ ZKHQ
VHUYLFH UHTXLUHPHQWV DUH QRQVWDWLRQDU\ 7KHQ LQ [ ZH ZLOO VWXG\ PRUH JHQHUDO QRQVWDWLRQDU\
VHUYLFH UHTXLUHPHQWV ,Q DOO WKUHH VHFWLRQV ZH IRFXV RQ WKH VSHFLDO FDVHV RI [
 1R /HDUQLQJ 1R +LULQJ /HDGWLPH
:H DVVXPH WKDW VHUYLFH UHTXLUHPHQWV DUH SHULRGLF ZLWK D n[HG F\FOH OHQJWK 6LPLODUO\ ZH DVVXPH
WKDW RWKHU PRGHO SDUDPHWHUV VXFK DV FRVWV DQG WXUQRYHU UDWHV DUH DOVR HLWKHU VWDWLRQDU\ RU SHULRGLF
WKRXJK QRW QHFHVVDULO\ RI WKH VDPH F\FOH OHQJWKV 7KLV DOORZV XV WR WUHDW WKH ZKROH SURFHVV DV
SHULRGLF ZLWK D F\FOH OHQJWK WKDW LV WKH OHDVW FRPPRQ PXOWLSOLHU RI WKH OHQJWKV RI DOO WKH F\FOHV
HPEHGGHG LQ WKH V\VWHP :H ZLOO GHQRWH WKLV V\VWHP F\FOH OHQJWK E\ N
:H RQO\ FRQVLGHU WKH LQnQLWH SODQQLQJ KRUL]RQ FDVH 1RWH WKDW WKH RSWLPDOLW\ RI KLUHXSWR
SROLF\ LV VKRZQ LQ 7KHRUHP  $V WKH RSWLPDO GHFLVLRQ GHSHQGV RQO\ RQ WKH FXUUHQW VWDWH DQG FRVW
GDWD DQG VHUYLFH UHTXLUHPHQWV WKDW DUH NSHULRGLF WKH RSWLPDO KLUHXSWR OHYHOV DUH DOVR NSHULRGLF
:H GHQRWH WKHP E\ \e \
e
     \
e
Nb
7KHRUHP  6XSSRVH $VVXPSWLRQV  DQG  KROG :KHQ WKHUH LV QR OHDUQLQJ QR KLULQJ OHDGWLPH
DQG WKH VHUYLFH UHTXLUHPHQWV DUH NSHULRGLF
L WKHUH DOZD\V H[LVW SHULRGV W PRG N LQ ZKLFK D P\RSLF SROLF\ LV RSWLPDO
LL WKH RSWLPDO SROLF\ LV ?DOPRVW P\RSLF WKH RSWLPDO KLUHXSWR OHYHOV FDQ EH IRXQG WKURXJK
VROXWLRQ RI D NSHULRG 0’3 ZLWK W DV WKH ODVW SHULRG DQG bmKQW DV WKH HQGRIKRUL]RQ FRVW
IXQFWLRQ
3URRI )RU SDUW L ZH nUVW SURYH WKDW LI \eW  \eW WKHQ WKH P\RSLF SROLF\ LV RSWLPDO LQ SHULRG
W LH \eW  \
*
W  DUJPLQ\W*W\W 7KHQ LI ZH OHW \
e
W EH WKH VPDOOHVW KLUHXSWR QXPEHU DPRQJ
\e \
e
     \
e
Nb WKH P\RSLF SROLF\ LV RSWLPDO LQ SHULRG W

7R SURYH WKLV ZH QRWH WKDW VLQFH \*W LV WKH VPDOOHVW PLQLPL]HU RI *W\W LW LV DOVR WKH VPDOOHVW




*W\W   6LPLODUO\ \
e





- W\W  
%HFDXVH \eW  \eW ZKHQ \W  \eW  -W\W  K  : \W  2W\W  m-W\eW b KUW\W  
*W\W  m-W\
e







- W\W   DQG \
eb





3DUW LL WKHQ IROORZV GLUHFWO\

5HPDUN  1RWH WKDW 7KHRUHP  RQO\ HVWDEOLVKHV WKH H[LVWHQFH RI W D SURFHGXUH VWLOO KDV WR EH
GHYHORSHG WR nQG W ,Q WKH LQYHQWRU\ OLWHUDWXUH .DUOLQ > @ DQG =LSNLQ >@ KDYH DQDO\]HG
LQYHQWRU\ V\VWHPV ZLWK VHDVRQDO GHPDQGV >@ KDV VLPLODU UHVXOWV WR 7KHRUHP  DQG ERWK >@
DQG >@ JLYH NVWDJH DOJRULWKPV WR nQG W DQG FDOFXODWH WKH RSWLPDO RUGHUXSWR OHYHOV ,QWHUHVWHG
UHDGHUV DUH UHIHUUHG WR >@ DQG >@
 3RVLWLYH +LULQJ /HDGWLPH ’HWHUPLQLVWLF 7XUQRYHU DQG 1R /HDUQLQJ
1RZ WXUQRYHU LV GHWHUPLQLVWLF DQG WKHUH LV D SRVLWLYH KLULQJ OHDGWLPH w ,Q WKLV FDVH ZH FDQ XVH
YHUVLRQV RI WKH VWDpQJ SRVLWLRQ I63bW J DQG KLULQJ FRVW AK RI [ WR WUDQVIRUP WKH VWDpQJ SUREOHP
LQWR DQ DQDORJRXV ]HUR OHDGWLPH V\VWHP ,Q WKLV SHULRGLF VHWWLQJ KRZHYHU WKH GDWD QHHG QRW EH
VWDWLRQDU\ DQG ZH PD\ PRGLI\ WKH WUDQVIRUPDWLRQV  DQG  WR LQFOXGH DGGLWLRQDO WLPH LQGLFHV
:LWK WKHVH WUDQVIRUPDWLRQV WKH DUJXPHQWV WKDW OHDG WR 7KHRUHP  FDQ EH XVHG GLUHFWO\ WR
SURYH WKH IROORZLQJ DQDORJXH
&RUROODU\  6XSSRVH $VVXPSWLRQV  DQG  KROG :KHQ WKHUH LV QR OHDUQLQJ WXUQRYHU LV GHWHUPLQ
LVWLF WKH KLULQJ OHDGWLPH LV w DQG VHUYLFH UHTXLUHPHQWV DUH NSHULRGLF WKHQ WKH UHVXOWV RI 7KHRUHP
 KROG
$JDLQ WKH RSWLPDO ?QHW VWDpQJ QXPEHUV REWDLQHG LQ WKH ]HUR OHDGWLPH DQDORJXH IA[WJ PXVW
EH WUDQVIRUPHG XVLQJ D PRGLnHG YHUVLRQ RI  WR REWDLQ WKH RSWLPDO KLULQJ QXPEHUV I[eWJ

 0RQRWRQLFLW\ 3URSHUWLHV DQG 6PRRWKLQJ (mHFW
,Q WKLV SDUW ZH ZLOO VWXG\ WKH HmHFW RI QRQVWDWLRQDU\ GHPDQG RQ WKH RSWLPDO ?KLUHXSWR QXPEHUV
7KH VHUYLFH UHTXLUHPHQWV FDQ EH DQ\ VHTXHQFH RI QRQVWDWLRQDU\ GLVWULEXWLRQV :KLOH WKH LGHDV DQG
SURRIV SUHVHQWHG KHUH DUH VLPLODU WR WKRVH LQ .DUOLQ
V LQYHQWRU\ PRGHO LQ >@ =LSNLQ >@ KDV VLPLODU
UHVXOWV RXU VHWWLQJ LV GLmHUHQW ,Q LQYHQWRU\ PRGHOV GHPDQG DmHFWV WKH V\VWHP G\QDPLFV EXW LQ
RXU PRGHO GHPDQG IRU VHUYLFH DmHFWV RQO\ WKH FRVWV 7KH ?GHPDQG WKDW GULYHV WKH V\VWHP G\QDPLFV
LQ RXU PRGHO LV LQ IDFW WKH OHDUQLQJ DQG WXUQRYHU RI HPSOR\HHV
,Q ERWK VSHFLDO FDVHV LQ ZKLFK D P\RSLF SROLF\ LV RSWLPDO WKH VWDWH VSDFH FDQ EH FROODSVHG LQWR
RQH GLPHQVLRQ ^ HLWKHU WKH DFWXDO VWDpQJ OHYHO RU WKH ZHLJKWHG VWDpQJ SRVLWLRQ 7KH RSWLPDO KLUH
XSWR VWDpQJ SRVLWLRQ QXPEHUV ZKLFK UHGXFH WR WKH DFWXDO VWDpQJ OHYHO QXPEHUV ZKHQ w   KDYH
WKH IROORZLQJ VWUXFWXUDO SURSHUWLHV 3URRI RI WKH IROORZLQJ WKHRUHP FDQ EH IRXQG LQ WKH $SSHQGL[
7R VWUHVV WKH GHSHQGHQFH RI KLUHXSWR QXPEHUV RQ WKH VHUYLFH UHTXLUHPHQW IRUHFDVW ZH ZLOO XVH
\eW ’Ww ’Ww    WR GHQRWH WKH RSWLPDO VWDpQJ SRVLWLRQ LQ SHULRG W ZKHQ WKH GHPDQG VWUHDP
IURP SHULRG W w RQ LV ’Ww ’Ww   
7KHRUHP  6XSSRVH WKHUH LV QR OHDUQLQJ QR KLULQJ OHDGWLPH DQG $VVXPSWLRQ  KROGV )RU DQ\
VHTXHQFH RI VHUYLFH UHTXLUHPHQWV ’Ww ’Ww   
L LI ’Ww y ’Ww WKHQ \eW ’Ww ’Ww    w \eW’Ww ’Ww   
LL LI ’Ww x ’Ww EXW \eW ’Ww ’Ww    ! \eW’Ww ’Ww    WKHQ
\eW’Ww ’Ww    ! \
e
W’Ww ’Ww   
7KLV WKHRUHP VKRZV D RQHVLGHG VPRRWKLQJ HmHFW 3DUW L VKRZ WKDW ZKHQ WKH VHUYLFH UHTXLUHPHQW
GHFUHDVHV VR GRHV WKH KLUHXSWR QXPEHU 3DUW LL VKRZV KRZHYHU WKDW EXW ZKHQ WKH VHUYLFH
UHTXLUHPHQW LQFUHDVHV WKH KLUHXSWR QXPEHU PD\ JR GRZQ LQVWHDG 7KLV KDSSHQV LI WKH RSWLPDO
KLUHXSWR QXPEHU DIWHU WKDW SHULRG DOVR GHFUHDVHV 7KH RQHVLGHG QDWXUH RI WKH VPRRWKLQJ HmHFW
LV GULYHQ E\ WKH IDFW WKDW ZH DUH IUHH WR KLUH EXW DUH QRW IUHH WR nUH
,Q RXU JHQHUDO PRGHO KRZHYHU WKLV RQHVLGHG HmHFW PD\ QRW KROG ,Q SDUWLFXODU WKH SUHVHQFH RI
OHDUQLQJ JXDUDQWHHV WKDW WKHUH LV D SRVLWLYH SUREDELOLW\ WKDW HYHQ ZLWKRXW KLULQJ VHUYLFH FDSDFLW\
ZLOO JURZ WR H[FHHG ZKDW LV QHHGHG LQ IXWXUH SHULRGV ,Q WXUQ WKH RSWLPDOLW\ RI P\RSLF SROLFLHV
ZKLFK LV EDVHG RQ WKH LPSRVVLELOLW\ RI IXWXUH RYHUFDSDFLW\ QR ORQJHU H[LVWV 7KH DSSURDFK ZH WDNH
KHUH WR SURYH WKH RQHVLGHG VPRRWKLQJ HmHFW GRHV QRW KROG LQ WKH JHQHUDO FDVH SUHFLVHO\ EHFDXVH LW

UHOLHV KHDYLO\ RQ WKH RSWLPDOLW\ RI P\RSLF SROLFLHV LQ VRPH SHULRGV 7KH QXPHULFDO DQDO\VLV SUHVHQWHG
LQ WKH QH[W VHFWLRQ VXJJHVWV WKDW WKHUH H[LVW D WZRVLGHG UDWKHU WKDQ RQHVLGHG VPRRWKLQJ HmHFW
 1XPHULFDO $QDO\VLV
,Q WKLV VHFWLRQ ZH SHUIRUP WZR VHWV RI QXPHULFDO H[SHULPHQWV 7KH nUVW LGHQWLnHV FRQGLWLRQV XQGHU
ZKLFK KLULQJ SROLFLHV WKDW DFFRXQW IRU HPSOR\HH OHDUQLQJ PD\ VLJQLnFDQWO\ RXWSHUIRUP WKRVH WKDW
GR QRW 7KH VHFRQG LQGLFDWHV WKDW WKH SUHVHQFH RI OHDUQLQJ PD\ LQGXFH D ?WZRVLGHG VPRRWKLQJ
HmHFW LQWR SHULRGLF SUREOHPV ZKLFK GLmHUV IURP WKH RQHVLGHG HmHFW GHPRQVWUDWHG LQ WKH LQYHQWRU\
OLWHUDWXUH 7KHVH QXPHULFDO DQDO\VHV DUH EDVHG RQ DYHUDJHFRVW PRGHOV
 $YHUDJH &RVW DV WKH 0HWKRG RI &RPSDULVRQ
:KHQ WKH SODQQLQJ KRUL]RQ LV nQLWH WKH DYHUDJHFRVW SUREOHP LV D VSHFLDO FDVH RI WKH GLVFRXQWHGFRVW
SUREOHP ZLWK m   :KHQ SODQQLQJ KRUL]RQ LV LQnQLWH WKH RSWLPDO DYHUDJHFRVW SROLF\ JHQHUDWHV
D FRQVWDQW DYHUDJH RQHSHULRG FRVW IRU DOO WKH VWDWHV WKDW DUH LQ WKH VDPH FKDLQ RI WKH 0’3 UDWKHU
WKDQ WKH GLVFRXQWHG FRVWV WKDW PD\ GHSHQG RQ WKH V\VWHP
V VWDUWLQJ VWDWH 7KH VWDWHLQGHSHQGHQW
QDWXUH RI WKH DYHUDJH FRVW PDNHV WKH FRPSDULVRQ RI DOWHUQDWLYH SROLFLHV DQG 0’3 V\VWHPV FOHDUHU
7R XVH DYHUDJH FRVWV ZH PXVW nUVW GHYHORS D VHW RI SURSHUWLHV IRU WKH RSWLPDO KLULQJ SROLF\
XQGHU WKH DYHUDJHFRVW FULWHULRQ 7KH SURSRVLWLRQ EHORZ DVVXPHV WKDW WKHUH H[LVW DQ DYHUDJHFRVW
RSWLPDO SROLF\ DQG LWV FRUUHVSRQGLQJ YDOXH IXQFWLRQ
3URSRVLWLRQ  /HW 9 m c EH WKH mGLVFRXQWHG FRVW IXQFWLRQ DQG VXSSRVH WKH DYHUDJHFRVW IXQFWLRQ
OLP7
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LL WKH DYHUDJHFRVW IXQFWLRQ LV FRQYH[ DQG WKH RSWLPDO KLULQJ SROLF\ LV RI WKH KLUHXSWR W\SH
3URRI 3DUW L RI WKH SURSRVLWLRQ IROORZV IURP 3URSRVLWLRQ  LQ +H\PDQ 	 6REHO >@ 3DUW
LL IROORZV QDWXUDOO\ IURP L VLQFH WKH FRQYH[LW\ RI GLVFRXQWHGFRVW IXQFWLRQV KDV DOUHDG\ EHHQ
HVWDEOLVKHG LQ 7KHRUHP 

3DUW L RI WKH SURSRVLWLRQ HVWDEOLVKHV WKH UHODWLRQVKLS EHWZHHQ WKH GLVFRXQWHGFRVW DQG DYHUDJH
FRVW FULWHULD ZKHQ m LV FORVH WR  WKH DYHUDJH FRVW IXQFWLRQ GLYLGHG E\  b m FDQ EH XVHG WR
DSSUR[LPDWH WKH GLVFRXQWHG FRVW IXQFWLRQ 7KHUHIRUH FRPSDULVRQV EDVHG RQ DYHUDJHFRVW FULWHULRQ
FDQ EH XVHG WR LQIHU FRPSDULVRQV EDVHG RQ GLVFRXQWHGFRVW DV ZHOO
1RWH WKDW ZH GR QRW SURYH WKH H[LVWHQFH RI DQ DYHUDJHFRVW RSWLPDO SROLF\ IRU RXU V\VWHP
VR WHFKQLFDOO\ ZH VKRXOG UHJDUG RXU QXPHULFDO UHVXOWV ZLWK VRPH FDXWLRQ 1HYHUWKHOHVV LQ DOO RI
RXU QXPHULFDO H[DPSOHV 0’3 YDOXH LWHUDWLRQ KDV FRQYHUJHG ZLWKRXW SUREOHPV )XUWKHUPRUH ZH
nQG WKH FODULW\ RI WKH QXPHULFDO FRPSDULVRQV DmRUGHG E\ WKH DYHUDJHFRVW PRGHO WR RXWZHLJK WKLV
WHFKQLFDO OLPLWDWLRQ
 /HDUQLQJ (mHFW
:H KDYH HVWDEOLVKHG WKH RSWLPDOLW\ RI VWDWHGHSHQGHQW KLUHXSWR SROLFLHV ,Q ODUJH RUJDQL]DWLRQV
ZLWK PDQ\ HPSOR\HHV WKH 0’3 VWDWH VSDFH JURZV TXLFNO\ DQG IRU WKHVH SROLFLHV 0’3 YDOXH
LWHUDWLRQ EHFRPHV FRPSXWDWLRQDOO\ LQWHQVLYH )URP [ DQG [ ZH VHH KRZHYHU WKDW ZKHQ OHDUQ
LQJ LV LJQRUHG WKHUH H[LVW VSHFLDOO\VWUXFWXUHG SROLFLHV WKDW DUH HDV\ WR DQDO\]H XQGHUVWDQG DQG
LPSOHPHQW 6R ZKDW GR ZH JDLQ E\ H[SOLFLWO\ PRGHOLQJ WKH OHDUQLQJ HmHFW"
7R DQVZHU WKLV TXHVWLRQ ZH SHUIRUP QXPHULFDO WHVWV LQ ZKLFK ZH FRPSDUH WKH SHUIRUPDQFH RI
KLULQJ SROLFLHV WKDW DFFRXQW IRU OHDUQLQJ ZLWK WKRVH ZKLFK GR QRW 5HVXOWV SUHVHQWHG EHORZ VXJJHVW
WKDW LQ FHUWDLQ FDVHV D PRUH FDUHIXO PRGHOLQJ RI OHDUQLQJ PD\ KHOS WR VLJQLnFDQWO\ UHGXFH RSHUDWLQJ
FRVWV ,Q SDUWLFXODU ZKHQ WKH OHDUQLQJ FXUYH LV VWHHS DQG WKH FRVW RI EX\LQJ LQFUHPHQWDO oH[LEOH
FDSDFLW\ LV KLJK WKHQ PRUH VRSKLVWLFDWHG SROLFLHV FDQ SURYLGH VLJQLnFDQW FRVW VDYLQJV
,Q WKH IROORZLQJ QXPHULFDO H[DPSOH HDFK WLPH SHULRG FRUUHVSRQGV WR D WKUHHPRQWK TXDUWHU
DQG VHUYLFH UHTXLUHPHQWV DUH DVVXPHG WR EH VWDWLRQDU\ DQG VSHFLnHG DV WRWDO FDSDFLW\ UHTXLUHPHQWV
HJ QXPEHU RI FDOOV SHU TXDUWHU
:H DVVXPH WKDW WKHUH DUH WZR W\SHV RI HPSOR\HHV VORZ DQG IDVW $ VWDWH 6 )  WKHQ PHDQV
WKDW WKHUH DUH 6 VORZ DQG ) IDVW HPSOR\HHV DYDLODEOH 7KH PRUH H[SHULHQFHG IDVW HPSOR\HHV KDYH D
n[HG FDSDFLW\ LQFUHDVH RYHU QHZHU VORZ HPSOR\HHV ,Q RXU QXPHULFDO H[SHULPHQWV ZH V\VWHPDWLFDOO\
YDU\ WKH SHUFHQWDJH LQFUHDVH LQ FDSDFLW\ WKDW FRPHV ZLWK OHDUQLQJ IURP  WR 

2WKHU SDUDPHWHUV UHODWHG WR V\VWHP G\QDPLFV DUH DV IROORZV 1HZ VORZ HPSOR\HHV KDYH D 
DQQXDO WXUQRYHU UDWH  TXDUWHUO\ DQG H[SHULHQFHG IDVW HPSOR\HHV WXUQ RYHU DW  DQQXDOO\
 SHU TXDUWHU ,Q DOO H[DPSOHV  RI WKH QHZ HPSOR\HHV WKDW GR QRW TXLW EHFRPH IDVW 7KXV
DIWHU DQ LQLWLDO WKUHHPRQWK EUHDNLQ SHULRG OHDUQLQJ LV GHWHUPLQLVWLF ,Q WKH H[DPSOHV ZH DOVR
UHVWULFW HPSOR\HH QXPEHUV ^ KLUHG OHDUQLQJ DQG WXUQLQJ RYHU ^ WR EH LQWHJUDO
7KH H[DPSOH
V FRVW SDUDPHWHUV DUH FRQVWUXFWHG WR EH FRQVLVWHQW ZLWK GDWD IURP DFWXDO FDOO FHQWHU
RSHUDWLRQV 2Q DYHUDJH WKH IXOO\ ORDGHG DQQXDO ZDJH LV  IRU DQ HPSOR\HH ZLWK DQQXDO
SURFHVVLQJ FDSDFLW\ RI  (PSOR\HHV ZLWK RWKHU FDSDFLWLHV DUH SDLG SURSRUWLRQDOO\ 2YHUWLPH
LV SDLG DW D  SUHPLXP DQG RXWVRXUFLQJ FRVW LV VHW WR EH H[WUHPHO\ KLJK VR WKDW LW ZLOO QRW EH D
YLDEOH RSWLRQ 7KHUH LV DOVR D  n[HG FRVW IRU HDFK HPSOR\HH KLUHG
,Q RXU QXPHULFDO H[SHULPHQWV ZH DOVR V\VWHPDWLFDOO\ YDU\ WKH PD[LPXP DPRXQW RI RYHUWLPH
DYDLODEOH WR WKH RUJDQL]DWLRQ DV SHUFHQWDJH RI WKH WRWDO UHJXODU WLPH DYDLODEOH 7\SLFDOO\ ZRUN
UXOHV QRPLQDOO\ DOORZ WKLV OLPLW WR EH  ,I IRU H[DPSOH DQ HPSOR\HH QRUPDOO\ ZRUNV D KRXU
ZHHN WKHQ WKH PD[LPXP RYHUWLPH DYDLODEOH ZRXOG EH  DGGLWLRQDO KRXUV ,Q SUDFWLFH KRZHYHU
WKH DFWXDO SHUFHQWDJH RI RYHUWLPH DYDLODEOH LV OLPLWHG E\ RWKHU FRQVWUDLQWV LPSRVHG E\ WKH ZHHNO\
VFKHGXOLQJ SUREOHP ,Q SDUWLFXODU GDLO\ RU ZHHNO\ SHDNV LQ GHPDQG IRU VHUYLFH RIWHQ PDNH WKH XVH
RI RYHUWLPH ZKLFK LV DYDLODEOH DW RmSHDN WLPHV DQ LQHmHFWLYH PHDQV RI DGGLQJ PDUJLQDO FDSDFLW\
,Q RXU H[DPSOHV ZH UXQ WKUHH VFHQDULRV IRU WKH PD[LPXP DYDLODEOH RYHUWLPH   DQG 
:H FRQVLGHU WZR DOWHUQDWLYH KLULQJ SROLFLHV ,Q RQH OHDUQLQJ LV H[SOLFLWO\ FRQVLGHUHG DQG WKH
RSWLPDO KLULQJ QXPEHU LV D IXQFWLRQ RI WKH QXPEHU RI HDFK RI WKH WZR W\SHV RI HPSOR\HHV ,Q WKH
RWKHU OHDUQLQJ LV LJQRUHG DQG WKH RSWLPDO KLULQJ QXPEHU GHSHQGV RQO\ RQ WKH WRWDO QXPEHU RI
HPSOR\HHV :H FDOO WKLV D ?VLQJOHQXPEHU SROLF\ 1RWH WKDW IRU ERWK SROLFLHV WKH DFWXDO V\VWHP
G\QDPLFV UHPDLQ WKH VDPH GLmHUHQW W\SHV RI HPSOR\HHV VWLOO WXUQ RYHU GLmHUHQWO\ DQG SURYLGH
FDSDFLWLHV DFFRUGLQJO\ 7KH GLmHUHQFH LV WKDW WKH LQIRUPDWLRQ DERXW GLmHUHQW HPSOR\HH QXPEHUV LV
WUDFNHG LQ RQH SROLF\ ZKLOH LW LV LJQRUHG LQ WKH RWKHU SROLF\
:H GHYHORS 0’3 VROXWLRQ SURFHGXUHV IRU ERWK RI WKHVH SROLFLHV DQG FRPSDUH WKHLU RSWLPDO FRVWV
YDU\LQJ V\VWHPDWLFDOO\ WKH SHUFHQWDJH RI FDSDFLW\ LQFUHDVH IURP VORZ WR IDVW DQG WKH PD[LPXP
RYHUWLPH SHUFHQWDJH $ FRVW FRPSDULVRQ LV VKRZQ LQ )LJXUH 
,W LV FOHDU IURP )LJXUH  WKDW ZKHQ WKHUH LV SOHQW\ RI RYHUWLPH  RU  QR PDWWHU KRZ
PXFK WKH FDSDFLW\ LQFUHDVH LV IURP VORZ WR IDVW WKH VLQJOHQXPEHU KLULQJ SROLF\ ZKLFK WUHDWV DOO
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y 10% overtime 
30% overtime 50% overtime 
)LJXUH  ’LmHUHQFH LQ $YHUDJH &RVW EHWZHHQ 2SWLPDO DQG 6LQJOH1XPEHU 3ROLFLHV
RYHUWLPH DYDLODELOLW\ LV WLJKW  KRZHYHU WKH GLmHUHQFH EHFRPHV VLJQLnFDQW DV WKH FDSDFLW\
LQFUHDVH JHWV ODUJHU
)LJXUH  VKRZV WKDW IRU WKH FDVH RI  FDSDFLW\ LQFUHDVH ZLWK OHDUQLQJ DQG D  RYHUWLPH
PD[LPXP WKH EXON RI WKH FRVW LQFUHDVH LV GXH WR LQFUHDVHG VWDm OHYHOV XQGHU WKH VLQJOHQXPEHU
KLULQJ SROLF\ ,QGHHG WKH VLQJOHQXPEHU SROLF\ V\VWHPDWLFDOO\ RYHUVWDmV UHODWLYH WR WKH VWDpQJ
OHYHOV RI WKH RSWLPDO SODQ
%HFDXVH RXWVRXUFLQJ FRVWV DUH SURKLELWLYHO\ KLJK ERWK WKH RSWLPDO DQG WKH VLQJOHQXPEHU SROLF\
VHHN WR HQVXUH ZLWK SUREDELOLW\ FORVH WR RQH WKDW WKHUH H[LVW HQRXJK SHRSOH VR WKDW WKH VHUYLFH
UHTXLUHPHQW FDQ EH PHW IURP UHJXODU FDSDFLW\ DQG RYHUWLPH :KLOH WKH RSWLPDO SROLF\ FDQ UHFRJQL]H
GLmHUHQFHV EHWZHHQ IDVW DQG VORZ HPSOR\HHV WKH VLQJOHQXPEHU SROLF\ GRHV QRW 7R HQVXUH WKDW
WKHUH H[LVWV HQRXJK FDSDFLW\ RQ KDQG WKH VLQJOHQXPEHU SROLF\ PXVW KLUH DV LI QHDUO\ DOO RI WKH
ZRUNHUV RQ KDQG ZHUH VORZ
)LJXUHV  DQG  GHWDLO WKH HTXLOLEULXP GLVWULEXWLRQ RI FDSDFLW\ IRU ERWK SROLFLHV XQGHU WZR
VFHQDULRV  FDSDFLW\ LQFUHDVH DQG  RYHUWLPH PD[LPXP DQG  FDSDFLW\ LQFUHDVH DQG 
RYHUWLPH PD[LPXP %RWK nJXUHV VKRZ WKDW WKH OHIW WDLOV RI ERWK SROLFLHV
 FDSDFLW\ GLVWULEXWLRQV






















Annual Average Wage Cost Annual Average Hiring Cost Annual Average Operating Cost
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Service requirementCapacity at which 
50% overtime is 
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Capacity at which 
10% overtime is 
needed to meet 
service requirement
)LJXUH  ’LVWULEXWLRQ RI &DSDFLW\ ZKHQ 0D[LPXP 2YHUWLPH LV 
WUDLO Rm DW WKH PD[LPXP RYHUWLPH SHUFHQWDJH DOORZHG
)LJXUH  DOVR VKRZV WKDW LQ WKH  RYHUWLPH FDVH ERWK WKH RSWLPXP SROLF\ DQG WKH VLQJOH
QXPEHU SROLF\ FRQVLVWHQWO\ XVH RYHUWLPH +HUH WKH SUREDELOLW\ WKDW WKH VLQJOHQXPEHU SROLF\ KDV
H[FHVV FDSDFLW\ LV ORZ DQG WKH UHODWLYHO\ oDW WUDGHRm EHWZHHQ KLULQJ PRUH ZRUNHUV DQG XVLQJ PRUH
RYHUWLPH HYLGHQWO\ DOORZV WKH VLQJOHQXPEHU SROLF\ WR SHUIRUP ZHOO
,Q )LJXUH  KRZHYHU WKH VLQJOHQXPEHU SROLF\ FRQVLVWHQWO\ PDLQWDLQV FRVWO\ H[FHVV FDSDFLW\
+HUH WKH RSWLPDO SROLF\ LV DEOH WR PDLQWDLQ LW
V VWDpQJ OHYHO URXJKO\ DW WKH VHUYLFH UHTXLUHPHQW
ZKHUH WKH RSHUDWLQJ FRVW IXQFWLRQ DSSHDUV WR EH oDW
,Q FRQFOXVLRQ RXU QXPHULFDO VWXGLHV LPSO\ WKDW WKH FRVW LQFUHDVH LQFXUUHG E\ XVLQJ D VLQJOH
QXPEHU SROLF\ LQVWHDG RI WKH RSWLPDO VWDWHGHSHQGHQW SROLF\ LQFUHDVHV ZLWK WKH SHUFHQWDJH LQFUHDVH
LQ VHUYLFH FDSDFLW\ IURP VORZ WR IDVW %XW PRUH LPSRUWDQWO\ WKH DYDLODELOLW\ RI oH[LEOH FDSDFLW\ LQ
WKH IRUP RI RYHUWLPH RU SDUWWLPH ODERU LQ WKH RUJDQL]DWLRQ LV WKH EHVW LQGLFDWRU RI KRZ ZHOO WKH
VLQJOHQXPEHU SROLF\ ZLOO SHUIRUP
5HPDUN  :H KDYH SHUIRUPHG DOO RI WKH DQDO\VHV LQ WKLV VHFWLRQ WZLFH )LUVW ZH KDYH XVHG PXOWL
QRPLDO OHDUQLQJ DQG WXUQRYHU SUREDELOLWLHV VHH [ IRU GLVFXVVLRQ 7KHQ ZH KDYH GHYHORSHG

D VWRFKDVWLF SURSRUWLRQ DSSUR[LPDWLRQ ZKLFK VDPSOHV IURP EHWD GLVWULEXWLRQV WR GHWHUPLQH WKH
WXUQRYHU SURSRUWLRQV ,Q HDFK VLPXODWLRQ WKH SDUDPHWHUV RI WKH EHWD GLVWULEXWLRQ ZHUH FKRVHQ WR
PDWFK WKH PHDQ DQG YDULDQFH RI WKH DJJUHJDWH WXUQRYHU UDWH DFURVV DOO VWDWHV LQ VWHDG\VWDWH
REWDLQHG XVLQJ PXOWLQRPLDO GLVWULEXWLRQ ,Q DOO WKH FDVHV ZH KDYH FRQVLGHUHG WKH FRVW GLmHUHQFH
EHWZHHQ XVLQJ WKH PXOWLQRPLDO GLVWULEXWLRQ DQG LWV VWRFKDVWLF SURSRUWLRQ DSSUR[LPDWLRQ KDV EHHQ
ZLWKLQ  $OO WKH QXPHULFDO UHVXOWV SUHVHQWHG LQ WKLV SDSHU ZHUH JHQHUDWHG XVLQJ VWRFKDVWLF
SURSRUWLRQV
 7ZRVLGHG 6PRRWKLQJ (mHFW
,Q [ ZH SURYH WKDW LQ WZR VSHFLDO FDVHV ZKHQ WKH VWDWH VSDFH FDQ EH FROODSVHG LQWR RQH GLPHQVLRQ
DQG WKH VHUYLFH UHTXLUHPHQWV DUH SHULRGLF WKHUH H[LVWV D RQHVLGHG VPRRWKLQJ HmHFW ,Q WKHVH FDVHV
ZKHQ WKH RSWLPDO P\RSLF KLUHXSWR QXPEHU JRHV GRZQ IURP RQH WLPH SHULRG WR WKH QH[W VR GRHV
WKH WUXH RSWLPDO QXPEHU %XW ZKHQ WKH P\RSLF QXPEHU JRHV XS WKH WUXH RSWLPDO QXPEHU PD\
VWLOO JR GRZQ LI WKH P\RSLF QXPEHU IXUWKHU JRHV GRZQ LQ WKH IROORZLQJ SHULRG ,Q WKH SUHVHQFH RI
OHDUQLQJ KRZHYHU WKLV RQHVLGHG ?XSVLGH VPRRWKLQJ QHHG QRW KROG
,Q )LJXUH  ZH JLYH DQ H[DPSOH LQ ZKLFK WKHUH H[LVWV D ?GRZQVLGH VPRRWKLQJ HmHFW ,Q WKLV
H[DPSOH FDSDFLW\ LPSURYHPHQW IURP VORZ WR IDVW LV  DQG PD[LPXP RYHUWLPH LV  7KH
SHULRGLF VHUYLFH UHTXLUHPHQWV DUH I   J DQG WKH nJXUH FRPSDUHV WKH
P\RSLF KLUHXSWR QXPEHU IRU VWDWH  WR WKH RSWLPDO KLUHXSWR QXPEHU IRU WKH VDPH VWDWH :H
VHH WKDW IURP SHULRG  WR SHULRG  HYHQ WKRXJK WKH P\RSLF KLUHXSWR OHYHOV JRHV GRZQ UHoHFWLQJ
WKH GHFUHDVH LQ VHUYLFH UHTXLUHPHQW WKH WUXH RSWLPDO QXPEHU JRHV XS LQ DQWLFLSDWLRQ RI D IXUWKHU
LQFUHDVH RI VHUYLFH UHTXLUHPHQW LQ WKH IROORZLQJ SHULRG .DSXuVFLuQVNL DQG 7D\XU >@ REVHUYH D
VLPLODU WZRVLGHG VPRRWKLQJ HmHFW LQ D FDSDFLWDWHG SURGXFWLRQLQYHQWRU\ V\VWHP ,Q RXU V\VWHP
WKH GRZQVLGH VPRRWKLQJ HmHFW LV PRVWO\ FDXVHG E\ HPSOR\HH OHDUQLQJ DQG FRQVHTXHQW FDSDFLW\
LQFUHDVH ZKLOH LQ WKHLU VHWWLQJ LW LV FDXVHG E\ WKH OLPLW RQ SURGXFWLRQ FDSDFLW\
 &RQFOXVLRQ
7KH 0’3 DSSURDFK WR WKH HPSOR\HH VWDpQJ SUREOHP DOORZV IRU GLUHFW PRGHOLQJ RI WKH VWRFKDVWLF
QDWXUH RI OHDUQLQJ DQG WXUQRYHU DQG LW \LHOGV VWUXFWXUDO UHVXOWV WKDW SURYLGH LQVLJKW LQWR V\VWHP



































)LJXUH  ’RZQVLGH 6PRRWKLQJ (mHFW RSWLPDO QXPEHUV WR KLUH LQ VWDWH  ZKHQ WKH VHUYLFH
UHTXLUHPHQWV DUH SHULRGLF    
FDSDFLW\ oH[LELOLW\ LV OLPLWHG WKH PRUH FDUHIXO FRQWURO DmRUGHG E\ WKLV DSSURDFK PD\ SURYLGH
VLJQLnFDQW FRVW EHQHnWV
7KH RSWLPDO KLULQJ SROLF\ GRHV QRW \LHOG WR HDV\ RU IDVW FRPSXWDWLRQ KRZHYHU 7KH 0’3
V VWDWH
VSDFH H[SORGHV ZLWK WKH VL]H RI WKH ZRUN IRUFH DQG WKH QXPEHU RI HPSOR\HH W\SHV VSHHGV VNLOOV
$ QDWXUDO H[WHQVLRQ RI RXU FXUUHQW ZRUN ZRXOG EH WR LGHQWLI\ DQG HYDOXDWH HmHFWLYH KHXULVWLFV WKDW
DUH PRUH FRPSXWDWLRQDOO\ HpFLHQW )RU H[DPSOH ZKHQ OHDUQLQJ LV QRW GUDPDWLF YDULDQWV RI WKH
P\RSLF SROLFLHV RI [ PD\ ZRUN ZHOO
$QRWKHU DSSURDFK ZRXOG EH WR VHDUFK IRU RSWLPDO KLUHXSWR QXPEHUV XVLQJ VLPXODWLRQEDVHG
RSWLPL]DWLRQ WHFKQLTXHV )RU H[DPSOH .DSXuVFLuQVNL DQG 7D\XU >@ KDYH VKRZQ WKHVH WHFKQLTXHV WR
EH HmHFWLYH IRU nQGLQJ RSWLPDO ?XSWR OHYHOV LQ FDSDFLWDWHG PXOWLHFKHORQ SURGXFWLRQ SUREOHPV
$GGLWLRQDO ZRUN PXVW EH GRQH LQ RXU FDVH KRZHYHU WR YDOLGDWH DQG HYDOXDWH WKH HmHFWLYHQHVV RI
WKH WHFKQLTXH

$ 3URRI RI 7KHRUHP 
3URRI RI SDUW L )LUVW OHW 7 EH nQLWH DQG n[HG :H XVH LQGXFWLRQ
)RU W  7   IRUPXODWLRQ  LPSOLHV 97Q7     QP7M7  s  7KHQ 97cM7  LV
WULYLDOO\ MRLQWO\ FRQYH[ LQ Q7     QP7 1H[W VXSSRVH 9WQW QW     QPWM7 
LV MRLQWO\ FRQYH[ LQ QW QW     QPW 7KHQ LQ WZR VWHSV ZH SURYH WKDW -W\W     QPWM7 
DQG 9WQW     QPWM7  DUH LQ WXUQ MRLQWO\ FRQYH[ LQ \W     QPW DQG QW     QPW UHVSHFWLYHO\
6WHS  :H nUVW SURYH WKDW -W\W QW QPWM7  LV MRLQWO\ FRQYH[ LQ \W QW QPW ’XH WR WKH
DVVXPSWLRQ WKDW 2W\W QW     QPW LV MRLQWO\ FRQYH[ LQ \W QW     QPW +W\W QW     QPW LV
DOVR MRLQWO\ FRQYH[ LQ \W QW     QPW %HFDXVH WKH LQWHJUDO RI D FRQYH[ IXQFWLRQ LV DJDLQ FRQYH[
ZH RQO\ QHHG WR SURYH WKDW 9WQW QW     QPWM7  LV MRLQWO\ FRQYH[ LQ \W QW     QPW
IRU DQ\ UHDOL]DWLRQ RI aTW     aTPW aOW aOPbW 7KLV LV WUXH GXH WR /HPPD  DQG WKH IDFW ^ IURP
  DQG  ^ WKDW IRU n[HG aTW     aTPW aOW     aOPbW QW QW     QPW DUH DOO OLQHDU
LQ \W QW     QPW
6WHS  1RZ JLYHQ WKDW -W\W QW QPWM7  LV MRLQWO\ FRQYH[ LQ \W QW QPW ZH SURYH WKDW
9WQW     QPWM7  LV MRLQWO\ FRQYH[ LQ QW     QPW 7KLV IROORZV IURP D GLUHFW DSSOLFDWLRQ RI
/HPPD  1RWH WKDW bKQW 3PL :LQLW LV MRLQWO\ FRQYH[ LQ QW     QPW
7KHUHIRUH E\ UHSHDWLQJ VWHSV  DQG  ZH NQRZ WKDW -W\W QW QPWM7  LV MRLQWO\ FRQYH[ LQ
\W QW QPW DQG 9WQW     QPWM7  LV MRLQWO\ FRQYH[ LQ QW     QPW IRU DOO W
$V D UHVXOW RI -WQW     QPWM7  EHLQJ MRLQWO\ FRQYH[ LQ QW     QPW IRU DOO W ZH NQRZ
WKDW WKHUH H[LVWV \eW QW     QPWM7  VXFK WKDW \eW QW     QPWM7  PLQLPL]HV -W\W QW QPWM7 
ZLWKRXW WKH FRQVWUDLQW \W w QW :KHQ WKHUH DUH PXOWLSOH PLQLPL]HUV WR -W\W QW QPWM7  ZH
ZLOO WDNH WKH VPDOOHVW )XUWKHUPRUH JLYHQ DQ\ QW QW     QPW EHFDXVH -W\W QW QPWM7 
LV FRQYH[ WKH RSWLPDO KLULQJ SROLF\ ZLWK WKH FRQVWUDLQW ZLOO EH WR KLUH XS WR \eW QW     QPWM7 
LI QW  \
e
W QW     QPWM7  DQG QRW KLUH DQG WKXV UHPDLQ QW RWKHUZLVH 7KLV LV H[DFWO\ WKH
?KLUHXSWR SROLF\ RI ’HnQLWLRQ 

3URRI RI SDUW LL :H ZLOO QHHG WKH IROORZLQJ OHPPD
/HPPD  9WcM7  LV LQFUHDVLQJ LQ 7 

3URRI RI /HPPD  3LFN DQ\ WZR FRVW IXQFWLRQV 9 Wc DQG 9 Wc VXFK WKDW 9 WQW     QPWM7 
9 WQW     QPWM7  IRU DQ\ QW     QPW 0RUHRYHU OHW WKH PLQLPD RI 9 W c DQG 9 W c
EH DFKLHYHG DW \eW DQG \
e
W UHVSHFWLYHO\ 7KHQ
9 W QW     QPWM7 
 +W\
e




































 9 W QW     QPWM7 
7KHUHIRUH WKH 0’3 YDOXH LWHUDWLRQ LV DQ LQFUHDVLQJ PDSSLQJ :KHQ 7 LV LQFUHDVHG WR 7  
WKH YDOXHV RI 9WcM7  FKDQJH DV LI WKH HQGRIKRUL]RQ FRVW IXQFWLRQ KDG EHHQ LQFUHDVHG IURP  WR D
SRVLWLYH IXQFWLRQ 7KHUHIRUH E\ DSSO\LQJ WKH PRQRWRQLFLW\ RI WKH PDSSLQJ UHSHDWHGO\ ZH nQG WKDW
WKH IXQFWLRQ 9WcM7  DOVR LQFUHDVHV

,W LV QRW GLpFXOW WR VHH WKDW EHFDXVH WRWDO RQHSHULRG FRVW LV ERXQGHG E\ . GXH WR $VVXPSWLRQ
 9WcM7   .bm IRU DQ\ 7 DQG W  7 
7KXV I9WcM7   7      J LV D PRQRWRQH ERXQGHG VHTXHQFH %HFDXVH PRQRWRQH ERXQGHG
VHTXHQFHV DOZD\V FRQYHUJH LI ZH OHW 7  WKHQ
OLP
7
9WQW     QPWM7   8WQW     QPW 
IRU VRPH nQLWH IXQFWLRQ 8WQW     QPW 0RUHRYHU IURP 7KHRUHP  LQ 5RFNDIHOODU >@
9WQW     QPWM7  FRQYHUJHV WR 8WQW     QPW XQLIRUPO\ DQG 8WQW     QPW LV MRLQWO\ FRQYH[
LQ LWV DUJXPHQWV %\ DSSO\LQJ /HEHVJXH
V ’RPLQDWHG &RQYHUJHQFH 7KHRUHP ZH REWDLQ











V VDWLVnHV WKH 0’3 RSWLPDOLW\ HTXDWLRQ $V D UHVXOW WKH\ DUH WKH LQnQLWH
KRUL]RQ FRVW IXQFWLRQV 7KDW LV
9WQW     QPWM  8WQW     QPW  OLP
7
9WQW     QPWM7 

7KHUHIRUH WKH LQnQLWHKRUL]RQ FRVW IXQFWLRQV 9WcM DUH MRLQWO\ FRQYH[ DQG WKH ?KLUHRUGHUWR
SROLF\ LV DJDLQ RSWLPDO LQ WKH LQnQLWHKRUL]RQ FDVH

% 3URRI RI 7KHRUHP 
,Q WKH IROORZLQJ SURRI ZH ZLOO DVVXPH w   :KHQ w !  ZH QHHG WR PRGLI\ WKH KLULQJ FRVW WR EH
mbwK EXW WKH SURRI LV VLPLODU
/HW 9WQW’W ’W    GHQRWH WKH WRWDO GLVFRXQWHG FRVW LI WKH FXUUHQW VWDpQJ OHYHO LV QW DQG
WKH GHPDQG VWUHDP IURP QRZ RQ LV ’W ’W    7KHQ
9WQW’W ’W     PLQ
\WwQW
IK: \W 2W\W’W  m(IaUWJ I9WaUW\W’W ’W   JJ b KQW
 PLQ
\WwQW
I-W\W’W ’W   J b KQW
7R SURYH SDUWV L DQG LL ZH QHHG WKH IROORZLQJ OHPPDV /HPPD  VKRZV WKDW ZKHQ WKH
VHUYLFH UHTXLUHPHQWV DUH KLJKHU WKH KLUHXSWR OHYHOV DUH KLJKHU /HPPD  VKRZV WKDW WKH P\RSLF
SROLFLHV DOZD\V KLUH DW OHDVW DV PDQ\ HPSOR\HHV DV WKH RSWLPDO SROLF\ 7KLV LV QDWXUDO EHFDXVH WKH
P\RSLF SROLF\ DVVXPHV D KLJKHU HQGRISHULRG ?VDOYDJH YDOXH LW DVVXPHV WKDW HYHU\ HPSOR\HH WKDW
VWD\V ZLOO EH QHHGHG LQ WKH QH[W SHULRG /HPPD  VKRZV WKDW LI WKH RSWLPDO KLULQJ QXPEHU JRHV XS
LQ WKH QH[W SHULRG WKHQ WKH P\RSLF SROLF\ LV RSWLPDO LQ WKLV SHULRG
/HPPD  /HW      DQG      EH WZR VHTXHQFHV RI VWDWLRQDU\ VHUYLFH UHTXLUHPHQWV ,I  x 
WKHQ \eW       \eW      W
3URRI )RU VWDWLRQDU\ VHUYLFH UHTXLUHPHQWV 7KHRUHP  VWDWHV WKDW WKH P\RSLF SROLF\ RI PLQLPL]LQJ










 $FFRUGLQJ WR $VVXPSWLRQ   x  LPSOLHV 2Wc w 2






7KH FRQYH[LW\ RI *c WKHQ LPPHGLDWHO\ LPSOLHV \eW       \eW      W

/HPPD  )RU DQ\ I’W ’W   J \eW ’W ’W     \eW ’W ’W   

3URRI :H nUVW QRWH WKDW
9 W QW’W ’W     
!
!
bK LI QW  \eW ’W ’W   
bK - WQW’W ’W    LI QW ! \eW ’W ’W   
7KHUHIRUH 9 W QW’W ’W    w bK IRU DOO W QW DQG I’W ’W   J
:H NQRZ WKDW \eW ’W ’W    VDWLVnHV
K:  2W\
e
W ’W ’W   ’W  m(IaUWJ IbKaUWJ   
DQG \eW ’W ’W    VDWLVnHV
  K:  2W\
e







W ’W ’W   ’W ’W   aUW
R
w K:  2W\eW ’W ’W   ’W  m(IaUWJ IbKaUWJ  
EHFDXVH 9

WQW’W ’W    w bK IRU DOO QW









W ’W ’W   ’W +HQFH \
e
W ’W ’W     \eW ’W ’W   

/HPPD  ,I \eW ’W ’W     \eW’W ’W    WKHQ \eW ’W ’W     \eW ’W ’W   













W ’W ’W   ’W ’W   aUW
k
  
6LQFH \eW ’W ’W     \eW’W ’W    aUW\eW ’W ’W     \eW’W ’W    ZLWK
SUREDELOLW\  0RUHRYHU ZH NQRZ 9 W[’W ’W     bK LI [  \eW’W ’W   




W ’W ’W   ’W  m(IaUWJ IbKaUWJ   6LPLODUO\ ZH DOVR NQRZ WKDW




W ’W ’W   ’W  m(IaUWJ IbKaUWJ   6R \eW ’W ’W     \eW ’W ’W    EH




3URRI RI 7KHRUHP  1RZ VXSSRVH E\ FRQWUDGLFWLRQ WKDW SDUW L LV IDOVH LH ’W y ’W
DQG \eW ’W ’W     \
e
W’W ’W    WKHQ E\ /HPPDV   DQG  \
e
W ’W ’W     
\eW ’W ’W    w \eW’W ’W    w \eW’W ’W    $ FRQWUDGLFWLRQ 6LPLODUO\ VXSSRVH
E\ FRQWUDGLFWLRQ WKDW SDUW LL LV IDOVH LH ’W x ’W \eW ’W ’W    ! \eW’W ’W   
DQG \eW’W ’W     \eW’W ’W    7KHQ DJDLQ E\ /HPPD  \eW’W ’W     
\eW’W ’W    DQG E\ /HPPDV  DQG  \
e
W ’W ’W     \eW ’W ’W     \eW’W ’W     
\eW’W ’W    $ FRQWUDGLFWLRQ

5HIHUHQFHV
>@ .HQQHWK - $UURZ 6DPXHO .DUOLQ DQG +HUEHUW 6FDUI 6WXGLHV LQ WKH 0DWKHPDWLFDO 7KHRU\ RI
,QYHQWRU\ DQG 3URGXFWLRQ 6WDQIRUG 8QLYHUVLW\ 3UHVV 6WDQIRUG &$ 
>@ <RVVL $YLY DQG $ZL )HGHUJUXHQ 6WRFKDVWLF LQYHQWRU\ PRGHOV ZLWK OLPLWHG SURGXFWLRQ FD
SDFLW\ DQG SHULRGLFDOO\ YDU\LQJ SDUDPHWHUV 3UREDELOLW\ LQ WKH (QJLQHHULQJ DQG ,QIRUPDWLRQDO
6FLHQFHV ^ 
>@ ’- %DUWKRORPHZ $) )RUEHV DQG 6, 0F&OHDQ 6WDWLVWLFDO 7HFKQLTXHV IRU 0DQSRZHU 3ODQ
QLQJ -RKQ :LOH\ DQG 6RQV 1HZ <RUN  HGLWLRQ 
>@ 2GHG %HUPDQ 5LFKDUG & /DUVRQ DQG (GLHDO 3LQNHU 6FKHGXOLQJ ZRUNIRUFH DQG ZRUNoRZ LQ
D KLJK YROXPH IDFWRU\ 0DQDJHPHQW 6FLHQFH ^ )HEUXDU\ 
>@ 6DQMHHY %RUGRORL DQG +LURIXPL 0DWVXR +XPDQ UHVRXUFH SODQQLQJ LQ NQRZOHGJHLQWHQVLYH
RSHUDWLRQV $ PRGHO IRU OHDUQLQJ ZLWK VWRFKDVWLF WXUQRYHU :RUNLQJ SDSHU 8QLYHUVLW\ RI
7H[DV DW $XVWLQ 6HSWHPEHU 
>@ 5RQDOG - (EHUW $JJUHJDWH SODQQLQJ ZLWK OHDUQLQJ FXUYH SURGXFWLYLW\ 0DQDJHPHQW 6FLHQFH
 2FWREHU 
>@ &KHU\O *DLPRQ DQG *HUDOG / 7KRPSVRQ $ GLVWULEXWHG SDUDPHWHU FRKRUW SHUVRQQHO SODQQLQJ
PRGHO WKDW XVHV FURVVVHFWLRQDO GDWD 0DQDJHPHQW 6FLHQFH ^ -XQH 

>@ <LJDO *HUFKDN 0DKPXW 3DUODU DQG 6 6DQNDU 6HQJXSWD 2Q PDQSRZHU SODQQLQJ LQ WKH
SUHVHQFH RI OHDUQLQJ (QJLQHHULQJ &RVWV DQG 3URGXFWLRQ HFRQRPLFV ^ 
>@ <LJDO *HUFKDN DQG <XQ]HQJ :DQJ 3HULRGLFUHYLHZ LQYHQWRU\ PRGHOV ZLWK LQYHQWRU\OHYHO
GHSHQGHQW GHPDQG 1DYDO 5HVHDUFK /RJLVWLFV ^ 
>@ 5LFKDUG & *ULQROG DQG 5REHUW ( 6WDQIRUG 2SWLPDO FRQWURO RI D JUDGHG PDQSRZHU V\VWHP
0DQDJHPHQW 6FLHQFH ^ $SULO 
>@ + : *XVWDIVRQ )RUFHORVV FRVW DQDO\VLV ,Q : + 0REOH\ (PSOR\HH 7XUQRYHU &DXVHV
&RQVHTXHQFHV DQG &RQWURO $GGLVRQ:HVOH\ 5HDGLQJ 0DVVDFKXVHWWV 
>@ 0RUGHFKDL +HQLJ DQG <LJDO *HUFKDN 7KH VWUXFWXUH RI SHULRGLF UHYLHZ SROLFLHV LQ WKH SUHVHQFH
RI UDQGRP \LHOG 2SHUDWLRQV 5HVHDUFK ^ 
>@ ’DQLHO 3 +H\PDQ DQG 0DWWKHZ - 6REHO 6WRFKDVWLF 0RGHOV LQ 2SHUDWLRQV 5HVHDUFK 9ROXPH
,, 6WRFKDVWLF 2SWLPL]DWLRQ 0F*UDZ+LOO %RRN &RPSDQ\ 
>@ && +ROW ) 0RGLJOLDQL - 0XWK DQG +$ 6LPRQ 3ODQQLQJ 3URGXFWLRQ ,QYHQWRU\ DQG
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